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Abstract 

Aim of this paper is to provide new characterizations of the curvature dimen¬ 
sion condition in the context of metric measure spaces {X, d, m). On the geomet¬ 
ric side, our new approach takes into account suitable weighted action functionals 
which provide the natural modulus of A-convexity when one investigates the con¬ 
vexity properties of A-dimensional entropies. On the side of diffusion semigroups 
and evolution variational inequalities, our new approach uses the nonlinear diffusion 
semigroup induced by the A-dimensional entropy, in place of the heat flow. Under 
suitable assumptions (most notably the quadraticity of Cheeger’s energy relative to 
the metric measure structure) both approaches are shown to be equivalent to the 
strong CD* (A, N) condition of Bacher-Sturm. 
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1 Introduction 

Spaces with Ricci curvature bounded from below play an important role in many proba¬ 
bilistic and analytic investigations, that reveal various deep connections between different 
fields. 

Starting from the celebrated paper by Bakry-Emery [13], the curvature-dimension 
condition based on E-calculus and the r 2 -criterium in Dirichlet spaces provides crucial tools 
for proving refined estimates on Markov semigroups and many functional inequalities, of 
Poincare, Log-Sobolev, Talagrand, and concentration type (see, e.g. [MlETllaHlinilglill]). 

In the framework of optimal transport, the importance of curvature bounds has been 
deeply analyzed in jH] |26l [53]. These and other important results led Sturm mm 
and Lott-Villani |12] to introduce a new synthetic notion of the curvature-dimension 
condition, in the general framework of a metric-measure space {X, d, m). 

In recent years more than one paper has been devoted to the investigation of the rela¬ 
tion between the differential and metric structures, particularly in connection with Dirichlet 
forms, see for instance [35], [M], [50], [6] and [7]. In particular, under a suitable infinites¬ 
imally Hilbertian assumption on the metric measure structure (and very mild regularity 
assumptions), thanks to the results of the last two papers we know that the optimal trans¬ 
portation point of view provided by the Lott-Sturm-Villani theory coincides with the 
point of view provided by Bakry-Emery when the inequalities do not involve any upper 
bound on the dimension: both the approaches can thus be equivalently used to characterize 
the class of RCD(iE, cxd) spaces with Riemannian Ricci curvature bounded from below by 
R G M. More precisely, the logarithmic entropy functional 

ffoo(At) := / plogpdm if/i = pm m, (1.1) 

Jx 

satishes the iE-convexity inequality along geodesics (/is)sg[o,i] induced by the transport 
distance W 2 (i.e. with cost equal to the square of the distance) 

lfoo(/is) < (1 - s)Roo(/io) + sRoo(/ii) - ys(l - pi) (1.2) 

if and only if T 2 U) > KV{f). 

A natural and relevant question is then to establish a similar equivalence when upper 
bounds on the dimension are imposed; more precisely one is interested in the equivalence 
between the condition 

r2(/)>A-r(/) + l(L/)2 (1.3) 
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(where L is the inhnitesimal generator of the semigroup associated to the Dirichlet form) 
and the curvature-dimension conditions based on optimal transport. In the dimensional 
case, the logarithmic entropy functional fll.ip is replaced by the “iV-dimensional” Reny 
entropy 

Riv(h) := / dm = N — N / dm + ± m. (1.4) 

Jx J X 

Except for the case K = 0, which can be formulated by means of a geodesic convexity 
condition analogous to fll.2p . the case K ^ 0 involves a much more complicated property 
[52l[Tn], that gives raise to difficult technical questions. 

Aim of this paper is precisely to provide new characterizations of the curvature dimen¬ 
sion condition in the context of metric measure spaces (X, d,m). On the geometric side, 
our new approach takes into account suitable weighted action functionals of the form 

A^^{fi]m)= f f g(s, s)h^(a;, s) dmds, (1.5) 

Jo Jx 

where s G [0,1], is a Wasserstein geodesic, g is a weight function and v is the 

minimal velocity density of /r, a new concept that extends to general metric spaces the 
notion of Wasserstein velocity vector held developed for Euclidean spaces [3l Chap. 8]. 
Functionals like fll.5p provide the natural modulus of iC-convexity when one investigates 
the convexity properties of the iV-dimensional Reny entropy fll.4p . On the side of diffusion 
semigroups and evolution variational inequalities, our new approach uses the nonlinear 
diffusion semigroup induced by the iV-dimensional entropy, in place of the heat how. Un¬ 
der suitable assumptions (most notably the quadraticity of Cheeger’s energy relative to 
the metric measure structure) both approaches are shown to be equivalent to the strong 
CD*{K,N) condition of Bacher-Sturm [TO] . 

Apart from the stated equivalence between the Lott-Sturm-Villani and the Bakry- 
Emery approaches, our results and techniques can hardly be compared with the recent 
work [22] of Erbar-Kuwada-Sturm, motivated by the same questions. Instead of the 
Reny entropies fll.4p . in their approach an iV-dependent modihcation of the logarithmic 
entropy fll.ip is considered, namely the logarithmic entropy power 

S7v(h) := exp (^-^Roo(h)^ , (1-6) 

and convexity inequalities as well as evolution variational inequalities are stated in terms 
of §>Ni proving equivalence with the strong CD*(iC, iV) condition. A conceptual and tech¬ 
nical advantage of their approach is the use of essentially the same objects (logarithmic 
entropy, heat flow) of the adimensional theory. On the other hand, since power-like non- 
linearities appear in a natural way “inside the integral” in the optimal transport approach 
to the curvature dimension theory, we believe it is interesting to pursue a different line of 
thought, using the Wasserstein gradient flow induced by the Reny entropies (in the same 
spirit of the seminal Otto’s paper [43] on convergence to equilibrium for porous medium 
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equations). The only point in common of the two papers is that both provide the equiva¬ 
lence between the differential curvature-dimension condition fll.Sp and the so-called strong 
iV) condition; however, this equivalence is estabilished passing through convexity 
and differential properties which are quite different in the two approaches (for instance 
some of them do not involve at all the distorsion coefficients) and have, we believe, an 
independent interest. 

Our paper starts with Section [2], where we illustrate in the simple framework of a d- 
dimensional Euclidean space the basic heuristic arguments providing the links between 
contractivity and convexity. It builds upon the fundamental papers [15] and [27]. The 
main new ingredient here is that the links are provided in terms of monotonicity of the 
Hamiltonian, instead of monotonicity of the Lagrangian (see [39] for a related discussion of 
the role of dual Hamiltonian estimates in terms of the so-called Onsager operator). More 
precisely, if —?■ is the flow generated by a smooth vector held f : —)■ M'^, 

and if Q{x,y) is the cost functional relative to a Lagrangian L, then we know that the 
contractivity property 


G{StX, Sty) < Q{x, y) for all t > 0, 
is equivalent to the action monotonicity 

^/:(a:(t),'«;(t)) < 0 (1.7) 

whenever x{t) solves the ODE 

^x{t) = f{x{t)) 

and w solves the linearized ODE 

^w{t) = Bf{x{t))w{t) 

(in the applications w arises as the derivative w.r.t. s of a smooth curve of initial data for 
the ODE). In Section [2] we use duality arguments to prove the same equivalence when the 
action monotonicity fll.7p is replaced by the Hamiltonian monotonicity 

^h{(a:(t),(/?(t)) > 0, (1.8) 

where now ip solves the backward transposed equation 

= -Df(x(t))V(^), (1-9) 

see Proposition 12.11 Lemma 12.21 provides, in the case when f = —VU and L, “K are 
quadratic forms, the link between the Hamiltonian monotonicity and another contractivity 
property involving both C and U, see fl2.19p : this is known to be equivalent to the convexity 
of U along the geodesics induced by C. 
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In the context of optimal transportation (say on a smooth, compact Riemannian man¬ 
ifold (M, g)), the role of the Hamiltonian is played by 0-C{g,ip) := ^ |D(p|gpdm, thanks 
to Benamou-Brenier formula and the Otto formalism: 

|D</?|gPdm, -diVg(pV0<^) = w. (1.10) 

In other words, the cotangent bundle is associated to the velocity gradient Vgip and the 
duality between tangent and cotangent bundle is provided by the possibly degenerate 
elliptic PDE —diVg(pV 0 (p) = w. With a very short computation we show in Example 12.31 
how the Bakry-Emery BE(0, oo) condition corresponds precisely to the Hamiltonian 
monotonicity, when the vector held is (up to the sign) the gradient vector of the logarithmic 
entropy functional. If the entropy IX(pm) = J U(g) dx satishes the (stronger) McCann’s 
DC(A^) condition, then the same correspondence holds with BE(0,iV), see Example 12.41 
In both cases the how corresponds to the dihusion equation 

with P(g) := gU'(g) — u(g), which is linear only in the case of the logarithmic entropy 

(EHi. 

The computations made in Examples 12.31 and Example 12.41 involve regularity in time 
and space of the potentials ip in fll.lOl) . whose proof is not straightforward already in the 
smooth Riemannian context. Another difficulty arises from the degeneracy of the PDE 
—diVg(pVgV 9 ) = w, which forces us to consider weak solutions in “weighted Sobolev 
spaces”. Keeping in mind these technical difficulties, our goal is then to provide tools to 
extend the calculations of these examples to a nonsmooth context, following on the one 
hand the P-calculus formalism, on the other hand the calculus in metric measure spaces 
(X, d,m) developed in [5], j 6 ], [30] and in the subsequent papers. 

Now we pass to a more detailed description of the three main parts of the paper. 

Part I 

This hrst part, which consists of Section 3 and Section 4, is written in the context of a 
Dirichlet form £ on L^(X, m), for some measurable space endowed with a cr-£nite 

measure m. We adopt the notation El for L^(X, m), V for the domain of the Dirichlet form, 
—L for the linear monotone map from V to V' induced by 6 , P^ for the semigroup whose 
inhnitesimal generator is L. 

We already mentioned the difficulties related to the degeneracy of our PDE; in addition, 
since we don’t want to assume a spectral gap, we need also to take into account the 
possibility that the kernel {/ : £(/,/) = 0} of the Dirichlet form is not trivial. We then 
consider the abstract completion Vg of the quotient space of V and the realization Vg of 
the dual of Vg as the hniteness domain of the quadratic form £* : V' —)■ [ 0 , cx)] dehned by 

^£*(£, i) := sup(£, /) - ^£(/, /). 

Z /gv ^ 
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Section 13.21 is indeed devoted to basic functional analytic properties relative to the com¬ 
pletion of quotient spaces w.r.t. a seminorm (duality, realization of the dual, extensions 
of the action of L). The spaces V, Vg and their duals are the basic ingredients for the 
analysis, in Section I3.31 of the nonlinear diffusion equation 

^o-LP{0) = O ( 1 . 12 ) 

at 

(which corresponds to fll.111) 1 in the abstract context, for regular monotone nonlinearities 
P; the basic existence and uniqueness result is given in Theorem 13.41 which provides also 
the natural apriori estimates and contractivity properties. 

Chapter 4 is devoted to the linearizations of the diffusion equation fll.l2p . We hrst 
consider in Theorem 14.11 the (backward) PDE 

+ P'(p)L(p = Ip 

which is the adjoint to the linearized equation and corresponds, when '0 = 0, to the 
backward transposed ODE fll.9p of the heuristic Section [2l Existence, uniqueness and 
stability for this equation is provided in the class 1E^’^(0, T; D, H) of P^(0, T; D) maps with 
derivative in L^(0,T;]HI), where D is the space of all / G V such that L/ G H, endowed 
with the natural norm. 

In Theorem 14.51 we consider the linearized PDE 

= L{P'{g)w); (1.13) 

since (11.131) is in “divergence form” we can use the regularity of P'{g) to provide existence 
and uniqueness (as well as stability) in the large class hP^’^(0,T;H,Dg) of L^(0,T;]HI) 
maps with derivative in L^(0, T; Dg). Here Dg is the space of all G D' such that, for some 
constant C, \{i, f)\ < 0111/110 for all / G D (endowed with the natural norm provided by 
the minimal constant C). In Theorem 14.6l we prove that the PDE is indeed the linearization 
of fll.l2p by considering suitable families of initial conditions and their derivative. 

Part II 

This part is devoted to the metric side of the theory and builds upon the papers [5], 
ra. 0, m with some new developments that we now illustrate. 

Chapter 5 is mostly devoted to the introduction of preliminary and by now well es- 
tabilished concepts in metric spaces (W, d), as absolutely continuous curves ■jt, metric 
derivative | 7 t|, p-action Api^j) = f l/l^dt, slope |D/| and its one-sided counterparts |D^/|. 
In Section [572] we recall the metric/differential properties of the map 

Qtf{x) := inf f{y) + y) x G X, 

y&X 2t 

given by the Hopf-Lax formula (which provides a semigroup if (X, d) is a length space). 
Section 15.31 and Section 15.41 cover basic material on couplings, p-th Wasserstein distance 
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Wp, absolutely continuous curves w.r.t. Wp and dynamic plans. Particularly important 
for us is the 1-1 correspondence between absolutely continuous curves in {0^{X),Wp) 
and time marginals probability measures tt in C([0,1];X) with finite p-action ^(tt) : = 
J Ap{^) d 7 r( 7 ), provided in [H]. In general only the inequality < / | 7 i|^d 7 r( 7 ) holds, 
and HU provides existence of a distinguished plan tt for which equality holds, that we call 
p-tightened to Hf 

Section 15.51 introduces a key ingredient of the metric theory, the Cheeger energy that we 
shall denote by Ch and the relaxed slope |D/|^, so that Ch(/) = ^ Jx \^f\w din- The energy 
Ch is by construction lower semicontinuous in L^(X, m); furthermore, under an additional 
quadraticity assumption it has been shown in P, ED] that Ch provides a strongly local 
Dirichlet form, whose Carre du Champ is given by 


r(/,c/) = lim 


|D(/ + eg)lt-|D/l; 

2e 


Motivated by the necessity to solve the PDE —diVg(pVg(p) = £, whose abstract counterpart 

is 


/ pr(p,/) dm =(£,/) v/ev, (1.14) 

J X 

in Section 15.71 we consider natural weighted spaces Vp arising from the completion of the 
seminorm ^ ^r(/) dm, and the extensions of P to these spaces, denoted by P^. In con¬ 
nection with these spaces we investigate several stability properties which play a technical 
role in our proofs. 


Section [ 6 ] provides a characterization of p-absolutely continuous curves jUg : [0,1] 
£^(X) in terms of the following control on the increments (where |D*(p| is the use relaxation 
of the slope |D(p|): 




< 



|D*(p|u d/Ur dr 


X 


(f G Lipft(X), 0 < s < t < 1. 


Any function v in U’[X x (0, will be called p-velocity density. In Theorem l 6 . 6 l we 

show that for all p G (1, oo) a p-velocity density exists if and only if fit G AC^([0,1]; J^{X)) 
(see also [32] for closely related results). In addition we identify a crucial relation between 
the unique p-velocity density v with minimal norm and any plan tt p-tightened to /i, 
namely 

u( 7 t,t) = | 7 t| for TT-a.e. 7 , for =2fTa.e. t G (0,1). (1-15) 

Heuristically, this means that even though branching cannot be ruled out, the metric 
velocity of the curve 7 in the support of tt depends only on time and position of the curve, 
and it is independent of tt. 

In Section 0 we use the minimal velocity density v to define, under the additional 
assumption fig = p^m, the weighted energy functionals 

yi£!(p;m) := / / 0.{s, Qg) v^Qg dm ds, (1-16) 

Jo Jx 











where £l{s,r) : [0,1] x [0, cx)) —?■ [0, oo] is a suitable weight function (the typical choice 
will be n(s,r) = uj{s)Q{r) with Q{r) = rP'{r) — P{r)). Notice that when 13 = 1 we have 
the usual action ds = Ap(/u), which makes sense even for curves not made of 

absolutely continuous measures. If tt is a dynamic plan p-tightened to p (recall that this 
means £^p(7r) = Ap(ju)), we can use (ll.lhp to obtain an equivalent expression in terms of 
tt; 

^Q(/i;m)=/ / £3(s, Ps(73))|73|^’d7r(7) ds. 

Jo JX 

In Theorem 17. II we provide, by Young measures techniques, continuity and lower semiconti¬ 
nuity properties of p i—)■ Aq{^] m) under the assumption that the p-actions are convergent. 

In Section [S] we restrict ourselves to the case when p = 2 and Ch is quadratic. For 
curves having uniformly bounded densities w.r.t. m we show in Theorem 18.21 

that (ps)sG[o,i] belongs to AC^([0,1]; (^(Y), IF 2 )) if and only if there exists (. G T^(0,1; V') 
satisfying, for all / G V, 

f0sdm = is{f) in ^'(0,1). 

In addition is G for ..^^-a.e. s G (0,1) and they are linked to the minimal velocity v 
by d*{is, is) = Jx |hspPs ds. Thanks to this result, we can obtain by duality the potentials 
(j)s associated to the curve, linked to ig by fll.Mp . 

In Section [9] we enter into the core of the matter, by providing on the one hand a char¬ 
acterization of strong CD*(iF, iV) spaces whose Cheeger energy is quadratic in terms of 
convexity inequalities involving weighted action functionals and on the other hand a char¬ 
acterization involving evolution variational inequalities. These characterizations extend 
fll.2p . known [6l [2] in the case N = 00 : the logarithmic entropy and the Wasserstein dis¬ 
tance are now replaced by a nonlinear entropy and weighted action functionals. Section [9T] 
provides basic results on weighted convexity inequalities and the distorsion multiplicative 
coefficients crK^((5) (see flQ.lSp h which appear in the formulation of the CD*{K, N) condi¬ 
tion. Section 19.21 introduces the basic entropies and their regularizations. In Section 19.31 
we recall the basic dehnitions of CD(iF, 00 ) space, of strong CD(iF, 00 ) space (involving 
the iF-convexity fll.2l) of the logarithmic entropy along all geodesics) and Proposition 19.81 
states their main properties, following [18] . We then pass to the part of the theory involv¬ 
ing dimensional bounds, by recalling the Baker-Sturm CD*(iF, N) condition which involves 
a convexity inequality along M^-geodesics for the Reny entropies Um defined in fll.4p and 
the distortion coefficients see 09.441) . for all M > N. 

Theorem 19.151 is our first main result, providing a characterization of strong CD*{K, N) 
spaces in terms of the convexity inequality 

< {^-t)UN{fio)+tUN{fii) - KA^x\p^) for every t G [0,1]. (1.17) 

Here A^^ (p is the (t, Y)-dependent weighted action functional as in 01.161) given by the 
choice £ldl(s,r) := g(s,t)r“^/^, where g is the Green function defined in 09.11) . so that 

yij^^(/i;m)= f f g(s,t)p"^/^(x,s)h^(x,s)psdmds. 

Jo Jx 
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Comparing with the CD*(iC, A^) dehnition fl9.44l) . we can say that the distortion due to 
the lower bound K on the Ricci tensor appears just as a multiplicative factor, and that the 
distortion coefficients replaced by the (t, iV)-dependent weighted action 

functional. Hence, K and N have more distinct roles, compared to the original dehnition. 
Let us mention that a convexity inequality in the same spirit of fll.lTh was also obtained 
in |29l Remark 4.18], the main difference being that in the present paper Rat is the Reny 
entropy functional fll.4p while in [29] a similar notation is used to denote the logarithmic 
entropy power fll.bp . 

Our second main result is given in Theorem 19.211 and Theorem 19.221 More precisely, 
in Theorem 19.211 we prove that in strong CD*(iC, iV) spaces whose Cheeger energy is a 
quadratic form, for any regular entropy U in McCann’s class DC(A^) the induced functional 
R as in fll.4p satishes the evolution variational inequality 

u) + R(S 4 pm) < U{u) - m), (1.18) 

2 at 

where S is the nonlinear diffusion semigroup studied in Part I, a;(s) = (1 — s), Q{r) = 
P{r)/r = U'{r) — U{r)/r and {/is^i}sg[o,i] is the unique geodesic connecting = S^pm to 
u. The proof of this result follows the lines of [6] {N = oo, m(X) < oo) and [2] (where the 
assumption on the hniteness of m was removed) and uses the calculus tools developed in 
[5], in particular in the proof of (I9.82p . In Theorem 19.221 independently of the quadraticity 
assumption, we adapt the ideas of IZ7I to prove that the evolution variational inequality 
above (for all regular entropies U G DC(iV)) implies the strong CD*(iC, iV) condition. 
Moreover we can use Lemma 19.131 to get the CD(iC, cx)) condition and then apply the 
characterization of RCD(iL, cx) spaces provided in [ 6 ] to obtain that Ch is quadratic. 
Hence, under the quadraticity assumption on Ch, the strong CD*(iC, iV) condition and 
the evolution variational inequality are equivalent; without this assumption, as in the case 
N = oo, the evolution variational inequality is stronger. 

Part III 

This last part is really the core of the work, where all the tools developed in Parts 
I and H are combined to prove the main results. The natural setting is provided by a 
Polish topological space {X, r) endowed with a cx-hnite reference Borel measure m and a 
strongly local symmetric Dirichlet form £ in L‘^{X,xn) enjoying a Carre du Champ P : 
Il(£) X /!(£) —)■ L^{X,m) and a P-calculus. All the estimates about the Bakry-Emery 
condition discussed in Section [10] and the action estimates for nonlinear diffusion equations 
provided in Section[TT]do not really need an underlying compatible metric structure. In any 
case, in Section [121 they will be applied to the case of the Cheeger energy (thus assumed 
to be quadratic) of the metric measure space (X, d,m) in order to prove the main results 
of the paper. Let us now discuss in more detail the content of Part HI. 

In Section [TU] we recall the basic assumptions related to the Bakry-Emery condition 
and we prove some important properties related to them; in particular, in the case of 
a locally compact space, we establish useful local and nonlinear criteria to check this 
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condition. More precisely, we introduce the multilinear form r 2 given by 


■=^ j (T{f,g)hip-T{f,hg)ip-T{g,hf)ip^dm, 

with {f,g,(p) G I)v(L) x i5v(L) x Dloo(L), where we set Voo := V fl L°°(X,m), Dqo : = 

DnL°°(X, m), 

(DLpiL):= {f eBnLP{X,m): L/GLP(X,m)} pe[l,oo], 

\Dv(L) = {/eD: L/gV}. 

When f = g we also set 


r2(/; 9 :^) := T,{f, = (^r(/) L 99 - r(/, Lf)ip) dm. 

The r 2 form provides a weak version (see Definition 110.11 inspired by [121 US]) of tho 
Bakry-Emery iV) condition [131 E] 

T 2 {f;^)>K [ r(/)(pdm+^ f (L/)Vdm, V(/, (p) G Dv(L) x Dico(L), (p > 0. 

V X 'J X 

(1,19) 

We say that a metric measure space {X, d, m) (see ^ I5.5p satisfies the metric BE{K, N) con¬ 
dition if the Cheeger energy is quadratic, the associated Dirichlet form £ satishes BE(ii', N), 
and any / G Voo with r(/) G L°°{X,xn) has a 1-Lipschitz representative. 

In Section 110.11 by an approximation lemma, on the one hand we show that in order 
to get the full BE(it', N) it is enough to check the validity of fll.lOp just for every / G 
Zlv(L) n D£oo(L) and every nonnegative (p G Dloo(Ij). On the other hand, thanks to the 
improved integrability of T given by Theorem 110.61 in Corollary 1 10. 71 we extend the domain 
of r 2 to the whole (Dqo)^ and we give an equivalent reformulation of the BE( J’7, N) condition 
for functions in this larger space. Local and nonlinear characterizations of the BE(iC, N) 
condition for locally compact spaces are investigated in Section [10.21 in Theorem IIP.101 we 
show that in order to get the full BE(JL, N) it is enough to check the validity of fll.lOp just 
for every / G Dv(L)nDi;,oo(L) and ip G Dloo(L) with compact support, and in Theorem llO.llI 
we give a new nonlinear characterization of the BE(JL, N) condition in terms of regular 
entropies, namely 

T,if-,P{p))+ [ R{p){Lffdm>K f T{f)P{p) dm. (1.20) 

J X J X 

This last formulation will be very convenient later in the work in order to make a bridge 
between the curvature of the space and the contraction properties of non linear diffusion 
semigroups. 

Chapter [TT] is devoted to action estimates along a nonlinear diffusion semigroup. The 
aim is to give a rigorous proof of the crucial estimate briefly discussed in the formal 
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calculations of Example 12.41 To this purpose, in Theorem 111.11 we prove that if gt (resp. 
(ft) is a sufficiently regular solution to the nonlinear diffusion equation dtQt — LP(pt) = 0 
(resp. to the backward linearized equation dtift + = 0) then the map t i—)■ 

ptT(^Lpt) dm is absolutely continuous and we have 

J dm = T 2 i^t;Pipt)) + J Ript)(L^Ptf dm .if^-a.e. in (0 ,T). (1.21) 

Notice that this formula is exactly the derivative of the hamiltonian ^ ptT dm along 
the nonlinear diffusion semigroup. It is clear from fll.20p and fll.2ip that the metric 
BE{K, N) condition implies a lower bound on the derivative of the hamiltonian, more 
precisely in Theorem II 1.31 we show that the metric BE(it', iV) condition implies 

J ptT{(pt) dm> K J P(ft)r(<pi)dm .if^-a.e. in (0 ,T), (1.22) 

and its natural counterparts in terms of the potentials (introduced in Part II) associated 
to the curve ^m. The inequality fll.22p should be considered as the appropriate nonlinear 
version of the Bakry-Emery inequality [13] (see also [7] for the non-smooth formulation, 
and [131 for dimensional improvements) for solutions gt, (fx-t to the linear Heat flow 

ptT[pt)dm>K j ftr(v9 t)dm =Sf^-a.e. in (0, T), (1.23) 

which characterizes the BE(JP, cxo) condition. In this case, due to the linearity of the Heat 
flow and to the self-adjointness of the Laplace operator, the backward evolution pt can be 
easily constructed by using the time reversed Heat flow and it is independent of g. 

In the last Chapter [T3] we combine all the estimates and tools in order to prove the 
equivalence between metric BE(iC, iV) and RCD*(iC, iV). To this aim, in Section [12.11 we 
show some technical lemmas about approximation of IT2-geodesics via regular curves and 
about regularization of entropies. Section 112.21 is devoted to the proof of Theorem 112.81 
stating that BE{K,N) implies CD*(iC, iV). This is achieved by showing that the nonlin¬ 
ear diffusion semigroup associated to a regular entropy provides the unique solution of 
the Evolution Variational Inequality fll.lSp which characterizes RCD*(JP,iV). In the same 
section we prove the facts of independent interest that BE{K, N) implies contractivity in 
W 2 of the nonlinear diffusion semigroup induced by a regular entropy (see Theorem 112.Sp . 
and that BE{K, N) implies monotonicity of the action 712 computed on a curve which is 
moved by a nonlinear diffusion semigroup (see Theorem 112.6p . 

The last Section 112.31 is devoted to the proof of the converse implication, namely that if 
{X, d, m) is an RCD*(iC, N) space then the Cheeger energy satisfies BE{K, N). The rough 
idea here is to differentiate the 2-action of an arbitrary H2-curve along the nonlinear diffu¬ 
sion semigroup and use the arbitrariness of the curve to show that this yields the nonlinear 
characterization fll.20p of BE{K, N) obtained in Theorem 110.111 The perturbation tech¬ 
nique used to generate a sufficiently large class of curves is similar to the one independently 
proposed by [T6] . 
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Main notation 


£(/,/), r(/,^?) 
e, V 

V 

V c» 

p 

L 


Doc 

V£ 

Q*{i,i) 

£.(/,/), r,(/,^7) 
% 

I7I 

ACP([a,6];(X,d)) 

Ap{-f) 

Lip(X), Lip,(X) 
Lip(/) 

|D/|, |D±/|, P*f\ 

Qt 

j3§{X), ^(X) 

^p{X) 

m) 

Wpin, u) 

Ap{-K) 

GeoOpt(X) 

Ch(/) 

|D/U 

7lo(/i;m) 

Pi; nr) 



U, U 
P 

s 

DC(X) 

CD(X,cx>),CD*(X, N) 

RCD(X,cx>) 

r2,BE(X,X) 


Symmetric Dirichlet form £ and its Carre du Champ, Sect. 13.11 
L^(X, m) and the domain of £ 

VnL°°(X, m) 

Markov semigroup induced by £ 

Inhnitesimal generator of P 
Domain of L, fl5.32p 
DnL°°(X, m) 

Homogeneous space associated to £, Sect. 13.21 
Dual of a quadratic form Q, (13.101) 

Weighted quadratic form and Carre du Champ 
Abstract completion of the domain of £g 
Riesz isomorphism between V'^ and V^, (15.721) 
metric velocity, or speed. Sect. 15.11 
p-absolutely continuous paths 
p-action of a path 7, ([53D 

Lipschitz and bounded Lipschitz functions / : X ^ M 
Lipschitz constant of / G Lip(X) 

Slopes of /, (15.5p . (15.71) 

Hopf-Lax semigroup, (15.Op 
Borel sets and Borel probability measures in X 
Probability measures with hnite p-moment 
Absolutely continuous probability measures 
p-Wasserstein extended distance in ^(X) 

Evaluation maps 7 1—)■ 7^ at time s 
p-action of tt G ^(C([0,1]; X)), (15.171) 

Optimal geodesic plans, (15.211) 

Cheeger relaxed energy, (I5.25P 
Minimal weak gradient, (I5.26P 
Weighted energy functional induced by O, (17.41) 

Weighted energy functional along a geodesic from po fo pi 
Creen function on [0,1], (19.11) 

Distorted convexity coefficients, (I9.15P 

Entropy function and the induced entropy functional, (I9.27p . (19.281) 
Pressure function induced by U, (19.271) 

Nonlinear diffusion semigroup associated to an entropy U 

Entropies satisfying the X-dimensional McCann condition, Def. 19.141 

Curvature dimension conditions. Sect. lOl 

Riemannian curvature dimension condition, Def. 19.191 

r2 tensor and Bakry-Emery curvature dimension condition. Sect. 110.11 
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2 Contraction and convexity via Hamiltonian esti¬ 
mates: an heuristic argument 

Let us consider a smooth Lagrangian £ : x —)■ [0,cxo), convex and 2-homogeneous 

w.r.t. the second variable, which is the Legendre transform of a smooth and convex Hamil¬ 
tonian JC : X —)■ [0, cxo), i.e. 

L{x,w) = sup {w,ip) —‘K{x,ip), 0-C{x,ip) = sup {ip,w) — L{x,w); (2.1) 

We consider the cost functional 

Q{xo, Xi) := inf | J L{x{s),x{s)) ds : x G C^([0,1]; M'^), x{i) = Xi, i = 0, l| (2.2) 

and the flow —?■ given by a smooth vector field f : —)■ i.e. x{t) = St{x) is 

the solution of 

^x{t) = f{x{t)), x(0)=x. (2.3) 

We are interested in necessary and sufficient conditions for the contractivity of the cost C 
under the action of the ffow S*. 

As a direct approach, for every solution x of the ODE fl2.3p one can consider the 
linearized equation 

^M;(t) = Df(a:(t))M;(t). (2.4) 

It is well known that if s i-G- a:(s) is a smooth curve of initial data for fl2.3p and x{t, s) := 
Stx{s) are the corresponding solutions, then dsx{t, s) solves fl2.4p for all s, i.e. 

d d 

w{t, s) := —x{t, s) satishes —w{t,s) = Df{x{t,s))w{t,s), w{0, s) = x{s). (2.5) 

It is one of the basic tools of [15] to notice that S satisfies the contraction property 

Q{StXo,StXi) < C(a;o,xi) for every xo,xi G T > 0 (2.6) 

if and only if for every solution x of (12. 3 p and every solution w of (12. 4 p one has 

^£(a:(t),M;(f)) < 0. (2.7) 

As we will see in the next sections, in some situations it is easier to deal with the 
Hamiltonian df instead of the Lagrangian C. In order to get a useful condition, we thus 
introduce the backward transposed equation 

= -Df{x{t)yip{t). ( 2 . 8 ) 
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It is easy to check that w'(t) = A(t)w(t) and ^'(t) = —A(ty(p(t) imply that the duality 
pairing {w(t),(p(t)) is constant. Hence, choosing A(t) = Df(x(t)) gives 

1 1—)■ {w{t),ip{t)) is constant, whenever w solves (12.41) . ip solves (12.81) . (2.9) 

In the next proposition we assume a mild coercitivity property on £, namely 

fR 

L{x,w) > ■y{\x\)\w\‘^ with lim / w^(r) dr = oo 

H^oo Jq 

for some continuous function 7 : [0, cxo) —)■ (0, cxo). Under this assumption, by differentiating 
the function 1 1-7 dr, it is easily seen that 

sup|a:„(0)|+ / £(a:„(s), i:„(s)) ds < 00 supmax |x„| < 00. (2.10) 

n Jq n [04] 

Proposition 2.1 (Contractivity is equivalent to Hamiltonian monotonicity) The 

flow {St)t>o satisfies the contraction property (12. 6 p if and only if 

■^TC(x(t),ip(t)) >0 whenever X solves (12.31) and (p solves (12.8p . (2.11) 

at 

Notice that the monotonicity condition (12.lip can be equivalently stated in differential 
form as 

{TCfix, Lp),f(x)) — {“K^x, ip),Df{x{t)yip) > 0 for every x G Mfl, 9? G (M'^)*. (2.12) 

Proof Let us hrst prove that (12.lip yields (12.6p . Let x G C^([0,1]; M'^) be a curve con¬ 
necting xq to Xi, let x(t, s) := Stx(s) and w(t, s) := dgxit, s). The thesis follows if we show 
that 

L{x{T, s),w{T, s)) < L{x{s),x{s)) for every s G [0,1], T > 0, (2.13) 

since then 

C(x(T, 0), x(T, 1)) < [ L{x{T, s),w{T, s)) ds < f C{x{s),x{s)) ds 

Jo Jo 

and it is sufficient to take the infimum of the right hand side w.r.t. all the curves connecting 
Xq to Xi- 

For a fixed s G [0,1] and T > 0 we consider a sequence finis) such that 

LixiT,s),wiT,s)) = lim {wiT,s), finis))-TCixiT,s), finis)), (2.14) 

n—)-oo 

and we consider the solution (pnit,s) of the backward differential equation with terminal 
condition 

d 

— ipnit,s) = -Dyxit,s)yiPnit,s), 0 < t < T, ipniT, s) = ipnis). 
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By fl2.5p and fl2.9p we get {w(T, s),(pn{s)) = {w{0,s),(p{0,s)). In addition we can use the 
monotonicity assumption fl2.1ip to get 


3^(x(r, s),(p„(s)) > d{(x(s),(pn(0,s)). 


It follows that 

{w{T, s), (fnis)) - s), (fn{s)) < {w{0, s),ipn{0, s)) - !K{x{s), s)) 

< /C(x(s), w(0, s)) 

and passing to the limit as n —)■ cxo, by fl2.14p we get fl2.13p since w(0, s) = x{s). 

In order to prove the converse implication, let us hrst prove the asymptotic formula 


e(x(0),x((5)) 

-= £(x(0),x 0 ) 

( 54-0 0 


(2.15) 


for any curve s x(s) right differentiable at 0. Indeed, notice hrst that the inequality 

e(a;(0),a;((5)) 


lim sup 
54,0 


52 


< /:(a:(0),i:(0)) 


immediately follows considering an affine function connecting (r(0) and x{6). In order to 
get the lim inf inequality, notice that for any curve s ^ y{s) and any vector (p one has 


^{y{s),y{s))ds > 


{y{s),v) - ^{y{s),p>))ds 


= (1/(1)-2/(0), 


^(2/(s),</^) ds. 


so that choosing an almost (up to the additive constant S^) minimizing curve y = xs ■ 
[0,1] —connecting a:(0) to x{6) and replacing (p by 6(p with 6 G (0,1), the 2-homogeneity 
of ‘K yields 

e(a;(0),a;((5)) /x{5) - x{0) \ nr/ r \ \ ^ 

^ + ^2 ^ \ 6 ’ “ Jo 

Since fl2.10p provides the relative compactness of xs in C([0,and since 7 > 0, it is 
easily seen that xs uniformly converge to the constant a;(0) as 5 0. Therefore, passing to 

the limit as 5 0 we get 

e(x( 0 ) x((5)) ^ _ 7 £(x( 0 ), p>) 

5i0 0 

and eventually we can take the supremum w.r.t. ip to obtain fl2.15p . 

If fl2.6p holds and x{t) and ip{t) are solutions to fl2.3p and fl2.8p respectively, we hx 
to > 0 and tc G such that 


‘K{x{to),ip{to)) = {w,ip{to)) - L{x{to),w). 


(2.16) 
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We then consider the curve s e-)■ x(to) + sw and we set x(t, s) = St-to(x(to) + sw), so that 
w(t) = dsx(t, is a solution of fl2.4p with Cauchy condition tc(to) = uj- For t > to we 

can use twice (I2.15p and (I2.9p once more to obtain 




> 


ilTet 

> 


-lim 

c>4-U 


Q{x(t, 0),x(t, (5)) 


((/?(to),w) -lim 

o^-U 


e(x(to,0),x(to,(5)) 

52 


= {ip{to),w) - L{x{to),w) d{(a:(to),‘^(to))- 


□ 


We can rehne the previous argument to gain further insights when CK, L are quadratic 
forms and f is the gradient of a potential U. More precisely, we will suppose that 

L{x,w) = ^{G{x)w,w), :K(x,(p) = ^((p, H(a:)(p), H(a:) = G(a:)"\ (2.17) 


and G(a;) are symmetric and positive dehnite linear maps from to smoothly 

depending on x G The vector held f is the (opposite) gradient of 7/ : —)■ M with 
respect to the metric induced by G if 

{G{x)f{x),w) = {—DU{x),w) for every tc e i.e. f{x) = —H{x)DU{x). (2.18) 

In [2Z] it is shown that U is geodesically convex along the distance induced by the cost C 
if and only if 

C(a;o 5 SiXi) + t(u{St{xi)) — f/(xo)j < C(a;o,a;i) for every xq, xi G t>0. (2.19) 

Here is a simple argument to deduce 02.191) from 02 .111) . 

Lemma 2.2 Let L, "K, f be given by 02.171) and 02.18p . Then 02.lip yields 02.19p . 

Proof. Let us consider a curve x(s) connecting xq to xi and let us set 


y{t,s) := St{x{s)), x{t,s) := y{st,s), z{t,s) 


A 

ds 


y{t, s), 


w{t, s) 


A 

ds 


x{t,s), 


so that 02.18P gives 

w{t, s) = z{st, s) + tf{x{t, s)) = z{st, s) — tH{x{t, s))DU (x(t, s)). (2.20) 

Clearly for every f > 0 the curve s i-G- x(t, s) connects xq to StXi and therefore 

e(xo,StXi)< / L(x(t,s),w(t,s)) ds, U(StXi) - U(xo) = 

Jo 


(DU{x{t, s)),w{t, s)) ds. 
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It follows that 


/ I 

s),w(t, s)) + t{DU{x(t, s)),w(t, s)) j ds. 

For a fixed s G [0,1] the integrand satishes 

C{x{t, s),w{t, s)) + t{DU{x{t, s)),w{t, s)) (2.21) 

= sup {tjj + tDU{x{t, s)),w{t, s)) —‘K{x{t, s),^jJ) 

= sup {ip,w{t, s)) — "Ki^xit, s),ip — tDU{x{t, s))). 

V5G(K‘^)* 

Substituting the expression fl2.20p and recalling fl2.17p we get 

(V 9 , w{t, s)) — ‘K{x{t, s), (^ — tDU (x(f, s))) 

= (</?, z{st, s)) — t{(p, H(a;(f, s))Df/ {x{t, s))) — ‘K{x{t, s),(p — tDU{x{t, s))) 

= {(f, z{st, s)) — !K(x(t, s), ip) — t‘^'K{x{t, s), DU{x{t, s))) < {p, z{st, s)) — ‘K{x{t, s), p). 

Choosing now an arbitrary curve p{s) and solutions p{t, s) of 

d 

— s) = -Df(|/(r, s)) s), 0 < r < sf, p{st, s) = p{s) 

we can use the monotonicity assumption and (12.91) to obtain 

((^(s), z{st, s)) - J{(x(f, s), (/?(s)) < ((/?( 0 , s), z{0, s)) - FC(a:( 0 , s), (/?( 0 , s)) 

= (</?( 0 , s), m;(0 , s)) - F{(a;( 0 , s), <^( 0 , s)) 

< /C(x(s), t(;( 0 , s)). 

Since p{s) is arbitrary and tc(0, s) = x{s), considering a maximizing sequence {pn{s)) in 
fl 2 . 2 ip we eventually get 

e(xo, SiXi) + t(^t/(S4(xi)) - 17(xo)j < j L(x{s),x\s)) ds 

and taking the inhmum w.r.t. the initial curve x we conclude. □ 

In order to understand how to apply the previous arguments for studying contraction 
and convexity in Wasserstein space, let us consider two basic examples. For simplicity 
we will consider the case of a compact Riemannian manifold (M'^,d,m) endowed with the 
distance and measure associated to the Riemannian metric tensor g. 

Example 2.3 (The Bakry-Emery condition for the linear heat equation) In the sub¬ 
space of smooth probability densities (identified with the corresponding measures) the 
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Wasserstein distance cost C(^o, is naturally associated to the Hamil¬ 


tonian 


■= 2 I iDy^lg^dm ; 


lx 


in fact the Otto-Benamou-Brenier interpretation yields 


6 (^ 0 ) ^'i) = inf < / £(Ps, Qs) ds : s Qs connects po to Qi 


where 


i.e. 


:= 2 / iDy^lg^dm, -diVg(pVg(p) = w, 


lx 


L{g,w)=snp / (/Jtcdm — 


|D(p|gpdm. 


( 2 . 22 ) 

(2.23) 

(2.24) 

(2.25) 


v Jx 


IX 


In other words, the cotangent bundle is associated to the velocity gradient Vg(/? and the 
duality between tangent and cotangent bundle is provided by the possibly degenerate 
elliptic PDE 

— diVg(pVg<yc) = w. (2.26) 

If we consider the logarithmic entropy functional Uoo(p) ■= Jx plogpdm, then its Wasser¬ 
stein gradient flow corresponds to the linear differential equation 


d 

and thus the backward equation fl 2 . 8 p for ip corresponds to 

d 


dt 


ip = -Ag(p. 


(2.27) 


(2.28) 


+ / ft(Dv5t,D(-Ag(pi))0dm 


Evaluating the derivative of the Hamiltonian one gets 

= dm = ^ ^ Agft|D(pi |2 dm 

= - (D(/?i,DAg(pf)g) dm. 

Since p > 0 and ip are arbitrary, 02.111) corresponds to the Bakry-Emery BE(0, cxd) condition 
^ 2 {^) ■= ]^WQipt\l - {T)ipt, DAg(^t)g > 0 for every ip. 

It is remarkable that the above calculations correspond to the Bakry-Ledoux [15] deriva¬ 
tion of the r 2 tensor: if denotes the heat flow associated to 02.27p . it is well known that 


P 2 > 0 


^( P ,| DP ,_,^|^)>0 
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or, in the integrated form, 

Id/* d 

y Ps^|DPt_s99|gdm = —> 0 for every v9, ^ > 0. 

Thus the combination of the forward flow P^^^ and the backward flow Pts’^ in the deriva¬ 
tion of r 2 tensor corresponds to the Hamiltonian monotonicity (12.111) . 

Example 2.4 (The Bakry-Emery condition for nonlinear diffnsion) If we apply the 
previous argument to the entropy functional U(p) = U{g) dm, we are led to study the 
nonlinear diffusion equation 

^p = AgP(p) With P{g):=gU\g)-U{g). (2.29) 

The corresponding linearized backward transposed flow is 

= -P'(p)Ag(/? (2.30) 

and, setting R{g) := gP\g) — P{g), we get 


df 




AgP(ft)|D(pi|gdm 


1 

2 


'X 


< X 


ft(D(pf, D(P'(p 4) AgV9t))g dm 

= / P{gt)P2{^t)dm+ I P{gt)(D(pt,BAg(pt)g- f pt(D<^t,D(P'(pt)Ag9?t))0dm 
Jx Jx Jx 

= f P{gt)T2i^pt)dm+ [ (-P(pi)-h pfP'(pt)) (Ag^?*)^ dm - f Ag(pt(D(pt, DP(pt))g dm 


lx 


lx 


lx 


P'(ft)Ag(pt(D(pt, Dpt)0 dm 
= / P{gt)T 2 {^pt)dm+ [ P(pi) (AgV?*)^ dm. 


IX 


lx 


lx 


If U satishes McCann’s condition DC(A), so that R{g) > —-^P{g), and the Bakry-Emery 
condition BE(0, A) holds, so that T 2 {,^) A ;^TC(p, (/?) > 0. 

Example 2.5 (Nonlinear mobilities) As a last example, consider [28] the case of an 
Hamiltonian associated to a nonlinear positive mobility h 


•= T / h{g)\I)ip\ldm 

J X 


(2.31) 
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under the action of the linear heat flows fl2.27l) and fl2.28p : with computations similar to 
those of the previous examples we get 


= h'{gt)\gt\^^t\ldm- j h{gt) (Dipt,!) AgLpt))g dm 

= \ j \i.KQt))\^Vt\ldm- j h(ft)(D(^t,DAg(pt))gdm-i / h”{gt)\Bgt\l\Bp^t\ldm 

J X J X J X 

= f h{gt)T2{ipt)dm-^ f h”{gt)\I)gt\l\I)ipt\ldm. 

v/ X 'J X 

If h is concave and the Bakry-Emery condition BE(0, oo) holds, we still have ^lK(p, ip) > 0. 
According to Proposition 12.11 this property formally corresponds to the contractivity of 
the h-weighted Wasserstein distance Wh associated to the Hamiltonian fl2.31l) along the 
Heat flow, a property that has been proved in [211 Theorem 4.11] by a different method. 


Part I 

Nonlinear diffusion equations and 
their linearization in Dirichlet spaces 

3 Dirichlet forms, homogeneous spaces and nonlinear 
diffusion 

3.1 Dirichlet forms 

In all this hrst part we will deal with a measurable space which is complete with 

respect to a a-hnite measure m : 23 —)■ [0, cxoj. We denote by El the Hilbert space m) 

and we are given a symmetric Dirichlet form £ : El = L‘^{X, m) —)■ [0, oo] (see e.g. [T7] as a 
general reference) with proper domain 

V = D(£) :={/e L^(X,m) :£(/)< oo}, with := V n L°°(X, m). (3.1) 

V is a Hilbert space endowed with the norm 

ll/ll^=ll/llL(x,„.) + £(/); (3.2) 

the inclusion of V in El is always continuous and we will assume that it is also dense 

ds 

(we will write V ^ El); we will still denote by £(•,•) : V —?■ M the symmetric bilinear 
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form associated to £. Identifying El with its dual El', El is also continuously and densely 
imbedded in the dual space V', so that 

V El = El' V' is a standard Hilbert triple (3.3) 

and we have 

(/i 9 ) = f9 din whenever / G El, e V (3.4) 

Jx 

where (•, •) = y/(-, •)y denotes the duality pairing between V' and V, when there will be no 
risk of confusion. 

The locality of £ and the T-calculus are not needed at this level: they will play a crucial 
role in the next parts. On the other hand, we will repeatedly use the following properties 
of Dirichlet form: 

Voo is an algebra, £^''^(/5') < ||/||oo£^''^(5') + ll5'l|oo£^''^(/) f, 9 

if P : M ^ M is L-Lipschitz with P(0) = 0 then the map / 1 -^ P o / 
is well defined and continuous from V to V with £(P o /) < £(/)> 

if Pj : M —)■ M are Lipschitz and nondecreasing with Pj(0) = 0, i = 1, 2, then 
£(Pi o /, P 2 o /) > 0 for every / G V. 

We will denote by —L the linear monotone operator induced by £, 

L : V ^ V', ( - L/, g) := £(/, g) for every f,g eY, 

satisfying 

I (L/, g) < £(/, /) £(^, g) for every f, g eY, 
and by D the Hilbert space 

D := {/ G V : L/ G El} endowed with the Hilbert norm ||/|1 d := Il/Ilv+ I|L/||h- (3-8) 

Thanks to the interpolation estimate 

ll^llv < for every pGD, (3.9) 

which easily follows by the identity £(p, g) = — pLpdm, the norm of D is equivalent to 

the norm ||/|1 h + ||L/IIh- 

We also introduce the dual quadratic form £* on V', defined by 

^£*(£, i) := sup {i, f) - ^£(/, /). (3.10) 

It is elementary to check that the right hand side in fl3.10p satishes the parallelogram rule, 
so our notation £*(£,£) is justified (and actually we will prove that £*, when restricted 


(DFl) 

(DF2) 

(DF3) 

(3.6) 

(3.7) 
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to its finiteness domain, is canonically associated to the dual Hilbert norm of a suitable 
quotient space; see the following Section l3^ for the details). 

The operator L generates a Markov semigroup (Pt)t>o in each L^(X,m), 1 < p < oo: 
for every / G El the curve ft ;= Ptf belongs to C^((0, cxo); El) fl C°((0, cxo); D) and it is the 
unique solution in this class of the Cauchy problem 


—ft = Lft t>0, hm/i = / strongly in El. (3.11) 

The curve {ft)t>o belongs to C^([0, cxo);EI) if and only if / G D and in this case 

lim ^ ^ = L/ strongly in El. (3.12) 

(Pt)t>o is in fact an analytic semigroup of linear contractions in El and in each L^{X,m) 
space, p G (1, oo), satisfying the regularization estimate 

^l|Pt/llH + ^£(Pt/)+^^l|LPt/llH < ^II/IIh for every f>0. (3.13) 

The semigroup (Pt)t>o is said to be mass preserving if 

f Ptfdm= f /dm Vf > 0 for every / G fl L^(X, m). (3.14) 

Jx J X 

Since (P 4 ) 4 >o is a strongly continuous semigroup of contractions in L^(X, m), the mass 
preserving property is equivalent to 


L/ dm = 0 for every / G D fl (X, m) with L/ G (X, m). 


(3.15) 


< X 


When m(X) < oo then (13.141) is equivalent to the property 1 G D{t) with £(1) = 0. 


3.2 Completion of quotient spaces w.r.t. a seminorm 

Here we recall a simple construction that we will often use in the following. 

Let N be the kernel of £ and L, namely 

X:=|/gV: £(/,/) = 0} = |/gV: L/= o}. (3.16) 

It is obvious that X is a closed subspace of V and that it induces the equivalence relation 

^ f-geN. (3.17) 

We will denote by V := V/~ the quotient space and by / the equivalence class of / (still 
denoted by / when there is no risk of confusion); it is well known that we can identify the 
dual of V with the closed subspace N-^ of V', i.e. 

Y = = [i eV : (£, /) = 0 for every / G X}. (3.18) 
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Since £ is nonnegative, we have E,{fi,gi) = £(/o,5'o) whenever /o ~ /i and go ~ gi, so that 
£ can also be considered a symmetric bilinear form on V, for which we retain the same 
notation. The bilinear form £ is in fact a scalar product on V, so that it can be extended 
to a scalar product on the abstract completion Vg of V, with respect to the norm induced 
by £. The dual of Vg will be denoted by (Vg)'. 

In the next proposition we relate (Vs,)' to V' and to the dual quadratic form £* in fl3.10p . 

Proposition 3.1 (Basic duality properties) LetV, £, V be as above and let Vs be the 
abstract completion ofV w.r.t. the scalar product £. Then the following properties hold: 

(a) (VsY can be canonically and isometrically realized as the finiteness domain of E,* in 
V', endowed with the norm induced by £*, that we will denote as Vfi 

(b) If£ G Vs and (/„) is a maximizing sequence in (13.1 Oh . then the corresponding elements 
in Vs strongly converge in Vs to f E Vs satisfying 

= £•((>,() = £(/,/), ( 3 . 19 ) 

(c) The operator h in fl3.6p mapsV into Vfi- it can be extended to a continuous and linear 

operator Lg from Vs to V^ and —Lg : —)■ Vg is the Riesz isomorphism associated 

to the scalar product £ onVs- 

(d) £*(£, -L/) = (£, /) for alliEVfifEV. 

Proof (a) The inequality 2\{i, f)\ < £(/,/) + £*(£,£), by homogeneity, gives \{i, f)\ < 
(£(/,/))V2(£*(£,£))1/2. Hence, any element i in the hniteness domain of £* induces a 
continuous linear functional on V and therefore an element in (Vg)', with (dual) norm less 
than (£*(£,£))^/^. Conversely, any i G (Vg)' induces a continuous linear functional in V, 
and then a continuous linear functional i in V, satisfying \i{f)\ < ||•^||(V£)'(S(/^/))^^^- ^y 
the continuity of £, £ G V'; in addition, the Young inequality gives £*(£,£) < ||•^||(Yg)/• 

(b) The uniform concavity of gf H- {£, g) - \E{g, g) shows that E{fn - fm, fn - /m) ^ 0 
as n, m —)■ cx). By dehnition of Vg this means that (/„) is convergent in Vg. Eventually 
we use the continuity of {£, ■) in Vg to conclude that the hrst identity in fl3.19l) holds. The 
second identity follows immediately from 2(£(/,/))^/^(£*(£, £))^/^ > £(/,/) + E*{£,£). 

(c) By (13.7p . L can also be seen as an operator from V to Vg, with ||L/||vg' < (£(/, /))^^^ 

for all / G V. It extends therefore to the completion Vg of V. Denoting by Lg the extension, 
let us prove that —Lg is the Riesz isomorphism. 

We hrst prove that —Lg is onto; this follows easily proving that, for given £ G Vg, the 
maximizer / G Vg given by (b) satishes £ = —Lg/. Since V is dense in Vg, we obtain that 

G Vg' : £ = —Lf for some / G v| is dense in Vg. (3.20) 

Computing £*(—L/, —L/) for / G V and using the dehnition of £ immediately gives 
£*(—L/, —Lf) = £(/, /). By density, this proves that —Lg is the Riesz isomorphism. 
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(d) When ^ = —Lg for some g & Y it follows by polarization of the identity £*(—Lh, —Lh) 
£(h, h), already mentioned in the proof of (c). The general case follows by fl3.20p . □ 


We can summarize the realization in (a) by writing 


V'= D(£*) = {£ e V': \{iJ)\<C^MfJ) for every/eV}. (3.21) 


According to this representation and the identihcation El = H', / G El belongs to Vg if and 
only if there exists a constant C such that 



fg dm 


< C 


1/2 


Vg e V. 


If this is the case, we shall write / G El n Vg. 

Remark 3.2 (Identification of Hilbert spaces) In the usual framework of the varia¬ 
tional formulation of parabolic problems, one usually considers a Hilbert triple as in (I3.3p 
V G H = H' G V so that the duality pairing {i, f) between V' and V coincides with the 
scalar product in H whenever i G H. In this way the dehnition of the domain D of L as 
in fl3.19p makes sense. In the case of Vg, Vg one has to be careful that Vg is not generally 
imbedded in El and therefore El is not imbedded in Vg, unless £ is coercive with respect to 
the El-norm; it is then possibile to consider the intersection El n Vg (which can be better 
understood as El' H Vg). Similarly, V is imbedded in Vg if and only if Vg is dense in V', and 
this happens if and only if V = {0}, i.e. £ is a norm on V. 


The following lemma will be useful. 

Lemma 3.3 The following properties of the spaces El, V and Vg hold, 
(a) A function / G El belongs to V if and only if 


fLg dm 


'X 


< C 




1/2 


yg G D. 


(3.22) 


(b) {Lf : f gB)} is dense in Vg and, in particular, El fl Vg is dense in Vg. 

Proof (a) If / G V we can integrate by parts and conclude via Cauchy-Schwartz inequality 
by choosing C = £(/,/)^/^. To show the converse implication hrst of all note that the 
property fl3.22|) is stable under the action of the semigroup (Pt)t>o- Thus we can argue by 
approximation by observing that if / G D one can choose g = f] then integrate by parts 
on the left hand side to obtain £(/, /) < C^. 

(b) Let us consider an element G Vg such that 

£*(£, Lf) = 0 for every / G D. 

Applying Proposition I3.1f di we get 

{i, /) = 0 for every / G D. 

Since £ G V' and D is dense in V we conclude that £ = 0. □ 
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3.3 Nonlinear diffusion 

The aim of this section is to study evolution equations of the form 

^^-LP(^?) = 0, (3.23) 

where P : M —)■ M is a regular monotone nonlinearity satisfying 

P G C^(M), P(0) = 0, 0 < a < P'(r) < for every r > 0. (3.24) 

The results are more or less standard application of the abstract theory of monotone 
operators and variational evolution equations in Hilbert spaces da [m [201 Eu, with the 
only caution described in Remark 13.21 and the use of a general Markov operator instead of 
a particular realization given by a second order elliptic differential operator. 

If Ho, Pi are Hilbert spaces continuously imbedded in a common Banach space B and 
T > 0 is a given hnal time, we introduce the spaces of time-dependent functions 

1H^’2(0,T;Pi,Po) := {u G : u G u G L2(o,T;Po)}, (3.25) 

endowed with the norm 

+ ll'^llL2(o,r;iro)‘ (3.26) 

Denoting by {Hq, Pi)^, 2 , 'd G (0,1), the family of (complex or real, [iQl 2.1 and Thm. 15.1], 
[54| 1.3.2]) Hilbert interpolation spaces, the equivalence with the so-called trace Interpola¬ 
tion method [iQl Thm. 3.1], [HU 1.8.2], shows that 

if H,^Ho then T; Pi, Pq)C([0, T]; (Pq, ^ 1 ) 172 , 2 ), (3.27) 

with continuous inclusion. 

As a possible example, we will consider hT^’^(0,T; V, Vg) (in this case V and Vg are 
continuously imbedded in V') and hT^’^(0, T; D, H). Since [101 Prop. 2.1] 

V' C V', (V, V')i/ 2,2 = H, and (D, e)i/ 2,2 = V, 

we easily get 

W^'\0,T;Y,Y[) ^ T; D, H)C([0, T]; V), (3.28) 

Let us £x a regular function P according to fl3.24p : we introduce the set 

PP(0,T) ;= G H"^’2(0,T;e) nC^([0,T];V£) : P(p) G L^(0,T;D)|. (3.29) 

Notice that 

NI)(0,T) C C([0,T];V). (3.30) 

Indeed, if p G N!D(0,T) then by the chain rule P(p) G hP^’^(0, T; D, H), so that P(p) G 
C([0,T];V) thanks to fl3.28p . Composing with the Lipschitz map P~^ provides the conti¬ 
nuity of p in V thanks to (IDF2p . 
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Theorem 3.4 (Nonlinear diffnsion) Let P be a regular function according to fl3.24p . 
For every T > 0 and every ^ G El there exists a unigue curve g = Sg E T; V, Vg) 

satisfying 


— g — LPig) = 0 P^^-a.e. in (0, T), with go = g. 

at 


(3.31) 


Moreover: 

(NDl) For every t > 0 the map g hg- Stg is a contraction with respect to the norm Vg, with 


+ 2a 



|Sr^?^ — dmdr < ||^^ — 


(3.32) 


0 Jx 


(ND2) IfWE C^’^(M) is a nonnegative convex function with W{0) = 0, then 


lT(ft)dm+ / £(P(^,),lT'(^,))dr = / lT(^)dm Vt > 0. (3.33) 


IX 


Moreover, for every convex and lower semicontinuous function W : M —)■ [0, oo] 


/ ld^(ft)dm< / lT(^))dm. 

'X Jx 


(3.34) 


In particular, St is positivity preserving and if 0 < g < R m-a.e. in X, then 
0 < gt < R m-a.e. in X for every t >0. 


(ND3) IfgeY then g E ND(0,T) C C([0, T]; V) n Cn[0, T]; V^) and 

lim ^(gt+h - Qt) = LP(ft) strongly in Vg, for all t>0. 
h^o n 


(3.35) 


(ND4) The maps St, t > 0, are contractions in fl L^(X,m) w.r.t. the L^{X,m) norm 
and they can be uniguely extended to a -semigroup of contractions in L^(X, m) 
(still denoted by {St)t>o)- For every g^ E L^(X, m), i = 1,2, 


/ (St ^2 - Stgi)+ dm < / (^2 - ^i)+ dm for every t>0. (3.36) 

lx Jx 


In particular S is order preserving, i.e. 


Qi < Q 2 Stgi < Stg 2 for every t>0. (3.37) 

Moreover, if g E L°°{X,m) with bounded support, then Stg Finally, ifPt is mass 
preserving then 


St^dm= / ^dm for every g E L^{X,m ), t>0. 


(3.38) 


lx 


IX 




We split the proof of the above theorem in various steps. First of all, we introduce the 
primitive function of P, 

V{r):= [ P{z)dz, (3.39) 

Jo 

which, thanks to (13.241) . satishes 

3 1 

-r^ <V{r) < —Vr > 0. (3.40) 

2 23 

We adapt to our setting the approach of [19], showing that the nonlinear equation fl3.3ip 
can be viewed as a gradient flow in the dual space Vg driven by the integral functional 
V : V' —)■ [0, cxo] dehned by 


1+00 ifaGV'\e, 


(3.41) 


associated to V. 

Since El is not included in Vg in general, if p is a solution of (I3.3ip with an arbitrary 
p G El only the difference at '■= Qt — Q-, will belong to Vg; therefore it is useful to introduce 
the family of shifted functionals : V' —)■ [0, oo], r; G H, dehned by 

V^(cr) := Vij] + cr), for every a G V'. (3.42) 

Notice that, thanks to fl3.40p . is hnite on El. Dealing with subdifferentials and evolutions 
in Vg, we consider the restriction of to Vg, with DiVn) := Vg n El and we shall denote 
by dVn^-) the £*-subdifferential of dehned at any a G D(V^) as the collection of all 

£ G Vg satisfying 

£*(^, C - ^) < v,(C) - v,(a) VC G Diy,). 

In the next lemma we characterize the subdiherentiability and the subdiherential of 

Lemma 3.5 (Subdifferential of For every G El the functional : Vg —)■ [0, oo] 
defined by (I3.42p is convex and lower semicontinuous. Moreover, for every a G we 

have 

iedVr^ia) ^ P{a + T])eY, i = -LP{a + r]). (3.43) 

In particular dV^ is single-valued in its domain and D{dVfi) = {a G El: P{a + ?]) G V}. 


Proof The convexity of is clear. The lower semicontinuity is also easy to prove, since 
Yr]{an) < C < OO and cr„ —)■ a weakly in Vg imply that a G El and an weakly converge to 
a in El, by the weak compactness of (an) in the weak topology of El. 
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The left implication in fl3.43p is immediate, since by Proposition I3.ir di and the fact 
that C — O' £ H n Vg 


8*{-LP{a + r])X - (t) = [ P{a + !]){(- a) dm = [ P{a + rj) {{( + rj) - {a + r])) dm 

J X Jx 

< j {V{( + I?) - V(a + ,)) dm = V,(C) - 

where we used the pointwise property P{x){y — x) <V{y) — V{x) for every x, y eM.. 

In order to prove the converse implication let us suppose that £ G dVn{<j); choosing 
C = cr + with G El n Vg, we get 

^*{£, - '^rj{cr)^ < J Pier + ?7 + £(p)v9 dm. 

Passing to the limit as e J, 0 and changing (p into — we get 


£*(£, (p)= / P{a + ri)pdm for every (p G El fl Vg. 

Jx 

Choosing now ip = —L/ with / G D we get 

- / p(<7 + ,)L/ dm < IICIIv. (e (/, /)) "t 

SO that Lemma [331( a) yields P{a + ri) G V. Therefore (using Proposition 13. If d) once more 
in the last equality), we get 

£*(E.-L/) = -y P(<T + ,)L/dm = £(P(CT + ,,)./) 

= -{LP{a + r,),f) = i'(-LP{a + r,),-Lf) 
for all / G D, and this proves that £ coincides with —LP{a + rj). □ 


Proof of Theorem\3.4\ Let p G El and let r; G El be any element such that a := g — rj eY^ 


(in particular we can choose rj = g, so that ct = 0; as a matter of fact, rj plays only an 
auxiliary role in the proof and the solution g will be independent of rj). Setting at := gt — V, 
the equation (13.3111 is equivalent to 


—(T — LP(cr + 77 ) = 0, i.e. —a + dVr,{a)3 0, with uo = a, (3.44) 

(J.6 (J.6 

where dVj^ is the sub differential of V^, characterized in fl3.43p . 

Proof of existence of solutions and (NDl ). Since Lemma [331(b) provides the density of the 
domain of in Vg, existence of a solution a E C([0,T]; Vg) satisfying LP{a + rj), ^a E 
L^(0, T ; Vg) (and thus P{a + ri) E L^(0, T; V)) follows by the general theory of equations in 
Hilbert spaces governed by the subdifferential of convex and lower semicontinuous functions 
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[T9], so that Qt := at + T] satisfies fl3.3ip . Since P{g) G L^(0,T; V) and P satisfies the reg¬ 
ularity property fl3.24p . we also get g E L^(0,T;V); since -^g E L^(0,T; Vg) C L^(0,T; V') 
we deduce g E C([0,T];]HI) by fl3.28p . 

The abstract theory also provides the regularization estimates 

t\\LP{a + T])\\l, =tE{P{gt),P{gt)) < [ ld(p)dm for every t > 0, (3.45) 

Jx 

lim —— = LP(pi) in Vg for every t > 0, (3.46) 

^4,0 h 

and the fact that the semigroup St : p i-G- pt is nonexpansive in Vg. If p G V (so that 
a E D{dVr,)) the limit in fl3.46p holds also at t = 0. Since dVr, is single-valued, this proves 
(ESSj). 

In order to prove (I3.32p we simply consider two solutions gl = al + rj, j = 1, 2 (we can 
choose the same rj since E Vg), and we evaluate the time derivative of ]^E*{g\ — g'f), 

obtaining 


d 1 
dt 2 




qI) = “ ^t) = LP(Pt) - LP(p2)) 

= - [ (Pt^-p?)(P(Pt^)-P(p?))dm 

Jx 

II 1 2 112 

< “3II ft ~ ft llL2(x,m)) 


(3.47) 


where a is the constant in fl3.24l) . 

Proof of (ND2). We consider the perturbed function ly^(r) := W{r)+sV{r), r E M, e: > 0, 
and we can apply Lemma 13.51 to the integral functional W)) defined similarly to V, with 
instead of V; by denoting by G the derivative of W and by G^{r) := G{r) + eP{r) the 
derivative of IV^, the Vg-subdifferential can then be represented as —LG^((T -|- p) as 
in fl3.43p and its domain is contained in D[dV^). If a is a solution of fl3.44p . the chain rule 
for convex and lower semicontinuous functionals in Hilbert spaces yields 


^ j W%gt)dm = jW,{at) = -E*{j^at,LG%at + p)) = -d*{LP{at + p),hG%at + p)) 
= -£(P(ft),G^(Pi)). 


We can eventually integrate with respect to time and pass to the limit as £ T 0 fo obtain 

( 1 ^ . 

The inequality (I3.34p follows now by (1DF3P and by a standard approximation procedure, 
e.g. by considering the Moreau-Yosida regularization of W. Choosing now W{r) := (r — 
P)^ with P > 0 or IT(r) := (P — r)^ with P < 0, we prove the comparison estimates 
w.r.t. constants. 

Proof of (ND3). We already proved fl3.35p : let us now show that ^^g E if 

g E Y. This property follows easily by fl3.32p applied to the couple of solutions gl := gt 
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and gj := Qt+h, since it yields 


^ lift - 0t+h\\l2^x,ra^dt < —\\gh - ft|||, < i^- l|;|^?||v,d^j 

= ||L^(ft)||vg. dtj < ||LP(^)||^^, = 8,{P{g),P{g)) for every h e (0,T), 

where we used the fact that the map t i—)■ ||LP(ft)||^, is nonincreasing. The regularity 

■^g G L^(0,T;]HI) yields P{g) G L^(0,T;D) and therefore P{g) G hT^’^(0, T; D, H), so that 
the map t ^ P(ft) belongs to C([0,T]; V) by (I3.28p . The differential equation (Id.lQh then 
yields ^?GCH[0,T];V'). 

Proof of (NDf). For every r > 0 and ^7 G El let us consider the resolvent equation 

hnd g' E H with P{g') G D such that g' — TLP{g') = g. (3.48) 


By introducing the resolvent operators Jr,ri ■ Vg —)■ D{dVr^), r > 0 and rj E M, dehned by 
^r,r| '■= (d + 'rdVrj)~^, Lemma [3.51 shows that whenever g — r] E a. solution G El with 
g' — rj eY^ can be obtained by setting 

g'■■= ^r,7j{g-v)+V- (3-49) 

In particular, the choice rj := g ensures the existence of a solution to fl3.48p . We will show 
that the solution g' of (I3.48p is in fact unique and independent of the choice of r] in (I3.49p . 
More precisely, we will show that if a couple G El, i = 1, 2, solves (I3.49p with data ft G El 
one has 

/ (^'i - ^ 2 )+ dm < / (ft - ft) dm for every ft, ft G H. (3.50) 

Jx Jx 

The monotonicity inequality fl3.50p can be proved by introducing an increasing sequence 
of smooth maps approximating the Heaviside function; 


fn E C^(M; [0,1]), /„ = 0 in (- 00 , 0), 0 < ff{r) < n, /„(r) t 1 for every r > 0. 

Since P(^() G D and /„ is Lipschitz with /„(0) = 0, fn{P{gi) —P{g 2 )) € T^nL°°(X, m) flV. 
We thus get by fl3.49p and the positivity of /„ 

J (A - A)fn(P(A) - P(A))dm + Te(f4p((,') - p(A))>p(A) - p(A)) 

= [ (ft - Q 2 )fn{P{g'i) - P{Q 2 )) dm< [ (ft - ft) dm. 

Jx Jx 

By neglecting the positive contribution of the Dirichlet form £ thanks to (1DF3I1 . we can 
pass to the limit as n —>■ 00 by the monotone convergence theorem observing that {g'l — 
Q'2)fn{P{Q'l)-P{Q'2))^{Q'l-Q'2) + as n —)■ 00 ; when (ft — ft)+ G T^(X, m) we thus obtain 

dfSO]). 
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Recalling fl3.49p and the exponential formula St{g) = r7+lim„^oo(Jt/n,r;)"(^—h) strongly 
in Vg and weakly in El for some G El with p —r; G Vg, we obtain fl3.36p . the L^-contraction 
of and the order preserving property (13.3711 . 

Let us now consider the operator 

A : g^-LF(p) dehned in D(A) := {p G L^nL^(X,m) : LF(p) G L^nL^(X,m)} 

(3.51) 

and its multivalued extension obtained by taking the closure of its graph in L^(X, m): 

Ag := e L\X,m) : e D(A) : gn ^ g, Ag^ ^ ^ inL^(X,m)|. (3.52) 

If p G F(A) it is easy to check by (13.5011 that Ag = {Ag} and the resolvent ],-:=(/ + tA)~^ 
of A coincides with the map Jt- ; p —)■ p' induced by (13.4811 on fl L^(X, m). Since 
n L^(X, m) is dense in L^{X,m), it follows by (l3.5Up that A is an m-accretive operator 
in L^(X,m). By Crandall-Liggett Theorem the limit St{g) := lim„_j.oo(Jt/n)"^' exists in 
the strong topology of L^(X, m) uniformly on [0,T] and provides the unique extension 
of {St)t>o to continuous semigroup of contractions in L^(X, m). In particular, for every 
p G n L^(X, m) the sequence (Jt/n)"p converges strongly to St{g) in L^(X, m). 

In order to check the mass preserving property (13.3811 in the case when P is mass 
preserving, it is therefore sufficient to prove that J,- is mass preserving on fl L‘^{X,ra), 
i.e. 

/ p'dm.= / pdm whenever (I3.49P holds. (3.53) 

Jx J X 

Eventually, (I3.53P follows by integrating (13.4911 and recalling (I3.15p . □ 

For later use, we fix some of the results obtained in the last part of the above proof in the 
next Theorem. 

Theorem 3.6 Let F be a regular nonlinearity according to (I3.24p ; the operator A defined 
by (I3.52P and (I3.5ip is m-accretive in L^(X,m) with dense domain, its resolvent J.^ : = 
{I-\-tA)~^ is a contraction satisfying (I3.50p for every g[ = For every g G L^r\L‘^{X, m) 
Jt-P provides the unigue solution g' of (I3.48P and the solution gt = Sjp of (I3.3ip can be 
obtained by the exponential formula gt = hm„^ooJ)/„^ os strong limit in L^(X, m). 

We only considered nonlinear diffusion problems associated to regular monotone functions 
F as in (I3.24I1 . since they provide a sufficiently general class of equations for our aims. 
Nevertheless, starting from Theorem 13.41 and adapting its arguments, it would not be 
difficult to prove existence and uniqueness results under more general assumptions. The 
next result is a possible example in this direction: a proof can be obtained by the same 
strategy (we omit the details, since we need only Theorem 13.41 in the sequel); notice that the 
fact that Si preserves L°° bounds allows to modify the behaviour of F for large densities, 
so that its primitive function V has a quadratic growth and its domain coincides with 
L‘^{X,m) when m(X) < oo. 
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Theorem 3.7 (Nonlinear diffnsion for general nonlinearities) Let P G C°(M) be a 
nondecreasing function and let us suppose that m(X) < oo. For every g G m) there 

exists a unique curve g = Sg e W^’'^{0,T-,Y[)nL°°{X x (0,T)) with P{g) G L^(0,T; V) sat¬ 
isfying fl3.31j) . {St)t>o is a semigroup of contractions m Vg and in L^(X, m) and properties 
(ND2), (ND4) sUll hold. 

4 Backward and forward linearizations of nonlinear 
diffusion 

In this section we collect a few resnlts concerning linearization of the nonlinear diffusion 
equations of the form studied by Theorem 13.41 

The linearized PDE discussed in the next proposition corresponds to fl2.8p of the heuris¬ 
tic Section |2l while the evolution semigroup is provided by the nonlinear diffusion equation 
of Theorem 13.41 Recall the notation T; D, H) = L^(0,T;D) n T; H), fl3.29p 

for NI)(0,T), and that, according to fl3.28p and fl3.30p . 

NR(0,T) C C([0,T];V), T;D,H) -G C([0,T]; V). (4.1) 


Theorem 4.1 (Backward adjoint linearized equation) Let P be a regular monotone 
nonlinearity as in fl3.24p and let g G L^(0,T;EI). 

For every G V, T > 0 and ih G L^(0,T:EI) there exists a unique strong solution 
ip G lTi’2(0,T;D,e) of 

^if + P'{g)Lip = 'ip, ipT = (p. (4.2) 

(BAl) For all r G [0,T], the solution ip satisfies 






1 

P^ 


^l)ipdmdt + 


(4.3) 


(BA2) If ip & L°°(X, m) and ip = d, then ipt G L°°(X, m) with \ipt\ < ||v3|U°°(x,m) tn-a.e. in 
X for every t G [0,T]. 

(BA3) If g^ —)> g°°, 'ip°° in L^(0,T;EI), ip^ ip°° in V and ip^, n G N U {c)o}, are 

the corresponding solutions of fl4.2p . then ip"^ ip°° strongly in 1T^’^(0, T; D, H). 


Remark 4.2 (Forward adjoint linearized equation) By time reversal, the previous 
Theorem is equivalent to the analogous result for the forward linearized equation 

- P\0)H = ^peL\o,T;m), Co = C e V, (4.4) 

that admits a unique solution ( G iy^’^(0, T; D, H). 
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The following lower semicontinuity result will often be useful. 

Lemma 4.3 Let Y be a Polish space endowed with a nonnegative a-finite Borel measure 
n, let Wn G n) and Zn G L°°(Y,n), Zn >0. If Wn ^ w in L^{X,n) and Zn ^ Z 
pointwise n-a.e. inY, then 


liminf / dn > / Z\w\^ dn. (4.5) 

n^oo Jy Jy 

Proof. Let us first assume that ri(y) < oo; by Egorov’s Theorem, for every <5 > 0 we can 
hud a n-measurable set Bs (Z Y such that n(y \ Bs) < 6 and Zn ^ Z uniformly on Bs- 
Since ||tan||L2(v,n) < C independent of n we obtain 


liminf / Ir dn > liminf / Zn\wnr dn 


<Y 


'Bs 


> —C^ limsup \\Zn — Z\\l 00 ( 5 ^ n) + liminf / Z|tc„|^dn> / Z\w\^ dxi. 


'Bs 


'Bs 


By letting 5 J, 0 we obtain fl4.5p . When n(y) = oo, since n is cr-hnite, we can hnd an 
increasing sequence YkfY of Borel sets with n(Y'fc) < oo. By the previous claim, we get 


liminf / 1T dn > liminf / Z„|tc„rdn> 


Z\wr dn 


'Y 


'Yk 


'Yk 


for every k eN. As /c —?■ oo we recover (14.511 . 


□ 


Proof of Theorem \4. 1\ Let us £x the final time T and set at ;= P'{QT-t)i 9 t ■= f’T-t- We 
can thus consider the forward equation 


—ft - atLft = Qt in (0, T), /^ = / = y,, 

where a is a Borel map satisfying (with a the positive constant in fl3.24p i 

1 


0 < a < a < 


m ® =Sf^-a.e. in X x (0, T). 


(4.6) 


(4.7) 


In order to solve (14.6p we use a piecewise constant (in time) discretization of the coefficients 
ap. we introduce a uniform partition of the time interval (0,T] of step r := T/N given by 
the intervals := ((fc — l)r, fcr], A; = 1,..., X and we set 




a^dr, af := if f G J^'', 


N 


tN 




SO that a < a^ < a Applying standard result for evolution equation in Hilbert spaces (in 
particular we write the PDE as the gradient flow of £ w.r.t. the L‘^{X, l/a^m) norm when 
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g = ^ and in the inhomogeneous case we use Duhamel’s principle) we can hnd recursively 
strong solutions G D, H) of 

- L/f = -^9 in Ik. fki{k - l)r)) = fk-ii{k - l)r), (4.8) 

“fc dt 

with the convention f^{0) = f. Defining the function f^{t) := /^(t) if f G we easily 
check that G hh^’^(0, T; D, H), that is a strong solution of the differential equation 

= in(0,T), (4.9) 

and that it satishes the apriori energy dissipation identity 




dmdi + ieay/i*) 




Since 1/a^ > a and / G V, this shows in particular that is uniformly bounded in 
hh^’^(0, T; D, H). Since —)■ « in L^(0,T;]HI) we can then easily pass to the limit as 

N ^ oo (see also the more detailed argument below), obtaining fl4.6p . Since fl4.6p holds in 
the strong form, we can also write it as 


Id 

— 'aJI* 
at at 


L/t 


- in(0,r), 

at 


and then the energy identity corresponding to fl4.3l) follows by multiplying both sides by 
dft/dt. This proves (BAl). 

When g = 0 and / G L°°{X,m) satisfies |/| < F m-a.e. in X, a standard truncation 
argument based on 04.81) yields the recursive estimate 


Wfk {kr)\\L^^x,m) < ll/f (t)|U-(x,m) < Wfk-liik - l)r)||L.x.(x,m) for t in Jf, 

and therefore \ f^{t)\ < F m-a.e. in X for every t G [0,T]; this estimate passes to the limit 
as iV —)■ cxo providing the statement (BA2). 

Let us now prove the last statement (BAS); we thus consider a sequence a"' satisfying 
the uniform bounds a < «"■ < a ^ and the limit a°° m (D =Sf^-a.e. in X x (0, T), and 

corresponding solutions /"■ of 

4/” - a”!/” = 9”, /”(0) = /”, (4.11) 

with /" f°° strongly in V and g'^ g°° strongly in L^(0,T;]HI). Using the energy 

identity fld.Sp it is easily seen that (/”) is bounded in 1U^’^(0, T; H) and in C([0,T]; V); we 
can also use the PDE 04.lip to show that (/„) is bounded in L^(0,T;D). Hence, possibly 
extracting a suitable subsequence (still denoted by /"■), we can assume that /" ^ /°° in 
fU^’2(0,T;D,e), so that ^ and L/’^ ^ L/°° in Since for every 

s G [0,T] the linear operator / i-G- /(s) is continuous from 1U^’^(0, T; D, H) to V thanks to 
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fl4.ip . we also obtain the weak continuity property /"(s) /°°(s) in V for every s E [0, T], 

In particular f°° satisfies fl4.11l) with n = oo. 

Taking also Lemma [4.31 into account, it follows that 


hminf £(r(s),r(s)) > £(/°°(s),/°°(s)), 


liminf f — 



0 J X 01' 


d 2 

__ f ^ 


dmdr> f f — 

Jo Jx 


d 2 

—/°° dm dr 
at 


and 


hm £(r,r) = £(/°°,/“), lim 

n^oo n—>-cxD 

so that by fl4.3p we obtain 


^ r r,ri 



0 Jx 


a" dt 


P dm dr = 


0 Jx dt 



f°° dm dr, 


hm 

n—^oo 



0 Jx 


a^‘ 


dt 


r 


dm+-£(r(.),r(.))) = 


r C a°° d 1 - - 

1 



0 JX 




4/»|bmdr + i2(/“(i,),/“(i,)). 


We conclude (see Remark lOI below! that strongly in L^(0,T;]HI), 

so that we can use the strong convergence and the uniform boundedness from below of a” 
to conclude that /"■ —)■ f°° strongly in hh^’^(0, T; D, H). □ 


Remark 4.4 We will repeatedly use the following simple property, valid for sequences 
(a„), (6„) of nonnegative real numbers: if 

liminf a„ > a, liminf > b, lim sup (a„ + bn) < (a + 6), 


then 


hm ttn = a 

n^oo 


and 


lim b„ = b. 

n^oo 


The next proposition provides existence and regularity for the linearization of the nonlinear 
diffusion equation of Theorem 13.41 

In the statement we will make use of the space D', the dual of D, and 


>£ := |< e D' : \(t, f)\ < C||L/||h for every / € 


(4,12) 


Since D V we have El V' D' with continuous and dense inclusions; the 
duality pairing between D' and D is an extension of the one between V' and V and of 
the scalar product in H, and we will still denote it as (•, •) whenever no misunderstanding 
are possible. Denoting by PUd' the least constant C in fl4.12p . Dg is also a Hilbert space, 
precisely it can be identihed with the dual of the pre-Hilbert space one obtains endowing 
D with the norm ||L/||e, smaller than the canonical norm of D. Arguing as in Section 
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we can and will identify Dg with the finiteness domain in D' of the lower semicontinuous 
functional 

|L/|Mm. (4.13) 

^ ^ /GB ^ Jx 

By duality, any element h G El induces an element L/i G Dg, via the relation 

D'(Lh,/)in,= / hLfdra. 

Jx 

We shall also make use of the space T;H,Dg), fitting in our framework because 

both El and Dg embed into the space D'. Since Dg ^ D' and the duality formula for 
complex interpolation yields (El, D')i /2 = V', fl3.27p yields 

W^’2(0, T; e, D0 -G iy^’2(0, T; H, D') C([0, T]; V'). (4.14) 


Theorem 4.5 (Forward linearized equation) Let P he a regular monotone nonlinear¬ 
ity as in fl3.24p and let p G L^(0,T;EI). 


(LI) For every w G Vg, T > 0 there exists a unique solution w G hL^’^(0, T; H, Dg) of 

d 


= L{P\g)w), wo = w 
in the weak formulation (recall (14.ip and (I4.14p ) 


(4.15) 


{Ws,'ds)j 



0 JX 


dtiJt + = ^,{w,iJo)y Vsg[0,T], (4.16) 


for every iJ G iy^’^(0,T;D,EI). In addition, the function w satisfies 


P'{gr)\wr\‘^dmdr + ^\\wt\\l^ = ^||w||| Vt G [0,T] 



0 JX 


and, for every solution ip of fl4.2p with -^ = 0 one has 

y, (wt, (pt)Y = Y/('U), <Po)v 


(4.17) 


(4.18) 


(L2) Ifw = LC for some C ^ V, then Wt = LCt for every t G [0, T], where ( G hL^’^(0, T; D, El) 
is the solution of (14.41) with '0 = 0. 

(L3) If p" —)■ g°° in L^(0,T;EI), tc" ^ w°° in Vg and w'^, 'u G N U {cxo}, are the corre¬ 
sponding solutions of fl4.15p . then tc" —)■ w°° strongly in 1V^’^(0,T;H,Dg). 
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Proof of Theorem \4.5\ Let us first show the second claim: if Wt = L(^i G T; H; Dg) 

for the solution ( G T; D; H) of fl4.4p and if 1 } is any function in hh^’^(0, T; D, H) 

we have 


Y,{Wt,4}t)Y — Y'0-‘Cty'^t)Y — 

SO that t i-G- 'dt)y is absolutely continuous in [0,T] and for ^^-a.e. t G (0,T) its 

derivative is given by 

= y (^LCt'ii't + L-df Ct) dm = y + P'{gt)L'dt'j dm. 

A further integration in time yields (I4.16p . In this case (I4.17p is a consequence of (I4.3p 
with "0 = 0, by noticing that 

£(CoCt) = d*{Wt,Wt) = llwtllv^/, Ct = P\Qt)wt. 

The uniqueness of the solution to (I4.16p is clear thanks to fl4.18p . 

The general result stated in the hrst claim for arbitrary tc G Vg follows by the linearity 
of the problem, the estimate fl4.17l) . and the density of the set {L^ : ^ G V} in Vg, see 
Lemma [373f b). 

The proof of (L3) is completely analogous to the proof of (BA3) in Theorem I4.11 
the weak convergence of w"' to in hL^’^(0, T; H, Dg) follows by the a priori estimate 
(I4.17p . the linearity of the problem w.r.t. w for given g and the uniqueness of its solution. 
Strong convergence can then be obtained by standard lower semicontinuity arguments and 
Remark I4.4I by passing to the limit in fl4.17p . □ 


Theorem 4.6 (Perturbation properties) Let us suppose that P is a regular monotone 
nonlinearity as in fl3.24p . Let Qe '■= Q + with g, G fl L°°{X,m), g^ uniformly 
bounded in n L°°{X,m), and ^ w strongly m Vg as e 0. Let g^^t (resp. gt) he the 
solutions provided by Theorem\3.4\ with initial datum g^ (resp. g) and set 


Qe,t Qt 

We,t ■= -• 

£ 

Then for every t > 0 there exists the limit lime|o = Wt strongly in Vg, the limit function 
w belongs to 1V^’^(0, T; H, Dg) and satisfies fl4.15l) . 


Proof By the Lipschitz estimate fl3.32p of S : Vg —)■ L^(0,T;]HI) fl L°°(0,T; Vg) we know 
that (tCe) is bounded in L^(0,T;]HI) and in L°°(0,T;Vg), in particular this gives ge ^ g 
in L^(0,T;]HI). We can then hnd a subsequence 0 such that -P- w weakly in 
L^(0,T;]HI) and weakly* in L°°(0,T; Vg). 

Since P G C^(M) and there exists a constant R > 0 such that jpel < R, |p| < R, we 
can use the inequalities (depending on the parameter 5 > 0 and on the hxed constant R) 

\P{Q6) - P{q) - P'{q){Q6 - ^')| < ^\Qe - ^| + Cs\ge - (4.19) 
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and the uniform bound of £ — g) in L^(0, T; H) to obtain 

£n^{P{QeJ - P{q)) P'{g)w weakly in L2(0,T;EI). (4.20) 

In fact, since P is Lipschitz, e“^(P(pg) — P{g)) is also uniformly bounded in L^(0,T;]HI) 
thus we can use a bounded test function ( G L^(0,T;]HI) to characterize the weak limit in 
fl4.20p . For such a test function, denoting by E an upper bound of e~^\\Qe — p||L2(o,r;H), we 
have 

£ e / 

thus showing fl4.20p as 5 > 0 is arbitrary. 

Let us now consider for every t > 0 and (p G V the solution (p of fl4.2p with hnal 
condition ipt = (f and arbitrary ijj G L^(0,T;]HI), thus satisfying (by the Leibniz rule) 


^ S E ||C||L2(o,r;H) + eCs E"^ sup |C| 



w, 


dm = e 


-1 


lx 



X 


(^{P{0e,r) - P(Pr))Lv3r + (^e,r “ ^>r)V3rj dm dr + j M;g(po dm. 


Since <p, L(p G L^(0,T;]HI) we obtain that for every f > 0 the sequence converges 

weakly in V' (and thus in Vg, since it is uniformly bounded in Vg) and the limit Wt will 
satisfy 

trr'^rdmdr+ / tD(podm. (4-21) 

Jx 

Choosing in particular ^ = 0, the previous formula identihes the limit, so that Wt = Wt for 
.if^-a.e. t G (0,T) and moreover the limit does not depend on the particular subsequence 
(Sn). Since -0 is arbitrary, we also get that w satishes 04.151) in the weak sense of 04.161) . 

In order to prove strong convergence of tCg to w in Vg for every t G [0,T] and in 
L^(0,T;]HI), we start from 03.47P written for g^ := g and := pg. Since 



liminf ^E,*(g(t) 
£.10 £2 


g{t) - ge{t)) = liminf > £.*{w{t),w{t)), 


and the limit w satishes 04.171) . by the argument of Remark 14.41 it is sufficient to prove that 


liminf^ f f (p - pg)(P(p) - P(pg)) dmds > 

£t0 £ Jq j ^ 



P'{g)\w\‘^ dm ds. 


(4.22) 


Setting 


r P{0) - P{Qe) 

^ g Pg 

\p\q) 


if p 7^ Pg 
if p = pg. 


we obtain a family of nonnegative and uniformly bounded functions that satishes —)■ 

P'{g) m Zi in X X (0,T) whenever —)■ p m (8) in X x (0,T). On the 

other hand 

- 0e)iPiQ) - PiQe)) = Ze\Wef. 
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We conclude by applying Lemma |4]3] to a subsequence (Sn) on which the liminf in fl4.22p 
is attained and convergence m < 8 ) =^^-a.e. in X x (0,T) holds. 


□ 


Let g G !ND(0,T) be the solution provided by Theorem 13.41 with initial datum p G V. 
By applying Theorem 14.61 to the difference quotients 

ft) 

and using the strong differentiability of t pt with respect to Vg (see (I3.35p ) we obtain 
the following corollary. 


Corollary 4.7 Let g G !ND(0,T) be the solution provided by Theorem \3.Ji\ with initial 
datum p G V n L°°(X,m). Then w := ^g is a solution to fl4.16p . with initial datum 
w = LP{g). 


Part II 

Continuity equation and curvature 
conditions in metric measure spaces 


5 Preliminaries 

5.1 Absolutely continuous curves, Lipschitz functions and slopes 

Let (X, d) be a complete metric space, possibly extended (i.e. the distance d can take the 
value +cxo). A curve 7 : [a, 6 ] —)■ X belongs to AC^([a, b]; (X, d)), 1 < p < cx), if there exists 
V G LP{a, b) such that 


d(7(5),7(t)) < / v{r) dr for every a < s < t < b. 


(6.1) 


We will often use the shorter notation AC^([a, 6 ];X) whenever the choice of the distance 
d will be clear from the context. The metric velocity of 7 , dehned by 


|.|. . d( 7 (r + h), 7 (r)) 

| 7 |(r) := hm-—-, 

h —>-0 |/i| 


(5,2) 


exists for =Sf^-a.e. r G (a, 6), belongs to LP{a,b), and provides the minimal function v, up 
to =Sf^-neghgible sets, such that fIS.ip holds. We set 


| 7 |^(r) dr 


■^pin) ■= Ja 

+ CX) 
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if 7 eAC^’([a,fe];X), 

otherwise. 


(5.3) 















Notice that d^( 7 (a), 7 ( 6 )) < {b — ay~^Ap{'y). 

A continuous function 7 : [0,1] ^ X is a length minimizing constant speed curve 
if ^ 1 ( 7 ) = d( 7 ( 0 ), 7 ( 1 )) = | 7 |(t) for t G (0,1), or, equivalently, if Ap( 7 ) = 

d^( 7 ( 0 ), 7 ( 1 )) for some (and thus every) p > 1. In the sequel, by geodesic we always 
mean a length minimizing constant speed curve. 

The extended metric space {X, d) is a length space if 

d(xo, Xi) = inf |yii( 7 ) : 7 G AC([0,1]; -A), 7 (i) = for every xq, Xi G X. (5.4) 


The collection of all Lipschitz real functions defined in X will be denoted by Lip(X), while 
Lipf, will denote the subspace of bounded Lipschitz functions. 

The slopes |D^<p|, the local Lipschitz constant |D(p| and the asymptotic Lipschitz con¬ 
stant |D*<p| of G Lip^(X) are respectively defined by 


|D^(p|(a;) := limsup 

y^x 


(ifiy) - ipjx)) ^ 
d{y,x) 


|D(p|(a:) := limsup 

y^x 


\ip{y) - ^{x)\ 
d{y,x) 


|DV|(a;) := limsup= limLip(/, ^^(a;)), 
v,z->x di[y,z) rto 


(5.5) 

(5.6) 


with the convention that all the above quantities are 0 if x is an isolated point. Notice 
that |D*<p| is an u.s.c. function and that, whenever (1^, d) is a length space. 


|D*(p|(x) = limsup |D(p|(|/), Lip((p) = sup |D(p(x)| = sup |D*(p(x)|. (5.7) 

y^x xgX x&X 

For (p G Lip^(X) we shall also use the upper gradient property 

|(p(7(l))-(p(7(0))| < /" |DV|(7(t))|7(t)|dt (5.8) 

Jo 

whose proof easily follows by approximating |D*<p| from above with the Lipschitz constant 
in balls and then estimating the derivative of the absolutely continuous map ip oj. 


5.2 The Hopf-Lax evolution formula 

Let us suppose that (-A, d) is a metric space; the Hopf-Lax evolution map Qt : Cfe(X) 
Cb{X), f > 0 , is dehned by Qo/ = / and 

Qtf{x):=mi f{y) + ^-^^^ t > 0. (5.9) 

y£X Zt 

We shall need the pointwise properties 

inf / < Qtf{x) < sup / for every x E X, t > 0, (5.10) 
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- for every x e X, t>0 (5.11) 

(these are proved in Proposition 3.3 and Proposition 3.4 of [1], d’''/df denotes the right 
derivative). 

When {X, d) is a length space {Qt)t>o is a semigroup and we have the rehned identity 
0 Thm. 3.6] 

- for every x e X, t > 0. (5.12) 

Inequality (15.lip and the length property of X yield the a priori bounds 

Lip(Qi/) < 2Lip(/) Vt > 0, Lip(Q./(x)) < 2 [Lip(/)]^ Vx e X. (5.13) 


5.3 Measures, couplings, Wasserstein distance 

Let (X, d) be a complete and separable metric space. We denote by <^(X) the collection of 
its Borel sets and by ^{X) the set of all Borel probability measures on X endowed with 
the weak topology induced by the duality with the class Cfe(X) of bounded and continuous 
functions in X. If m is a nonnegative cr-£nite Borel measure of X, ^“^(X, m) denotes the 
convex subset of the probabiliy measures absolutely continuous w.r.t. m. ^p(X) denotes 
the set of probability measures /i G ^(X) with finite p-moment, i.e. 

/ d^(a:, Xo) dfi{x) < oo for some (and thus any) xq G X. 

Jx 

If (F, d y) is another sparable metric space, r : X —F is a Borel map and /i G ^(X), 
rj/i denotes the push-forward measure in ^(F) defined by := for every 

B G ^(F). 

For every p G [1, oo), the Wasserstein (extended) distance Wp between two measures 
Po, £ ^(X) is dehned as 




inf 




d^(a:i, X2) dn{xi, X 2 ) : At G ^(X x X), vrjAi 



(5.14) 


where vr* : X x X —)■ X, z = 1, 2, denote the projections 7r*(a;i, ^ 2 ) = Xi. A measure /x with 
ttJ/x = Pi as in fl5.14p is called a coupling between pi and p 2 - If hi, h 2 ^ then a 

coupling pi minimizing fl5.14p exists, IFp(/io,hi) < cxo, (^p(X), Wp) is a complete and 
separable metric space; it is also a length space if X is a length space. Notice that if X is 
unbounded (^(X), Wp) is an extended metric space, even if d is a hnite distance on X. 

The dual Kantorovich characterization of Wp provides the useful representation formula 
(here stated only in the case p = 2) 

^IF2^(po,hi) = sup I y Qicpdpi-J pdpo : e Lipf,(X)|, (5.15) 

where (Qt)t>o is dehned in (15.9p . 
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5.4 Wp -absolutely continuous curves and dynamic plans 

A dynamic plan tt is a Borel probability measure on C([0,For each dynamic plan 
77 one can consider the (weakly) continuous curve /i = (/is)sG[o,i] C ^(X) dehned by 
/i(s) := (es)tt7r, s G [ 0 , 1 ] (we will often write instead of ju(s) and we will also use an 
analogous notation for “time dependent” densities or functions); here 

e* : C([0,1];X)X, 6 ^( 7 ) := 7 ( 5 ) (5.16) 

is the evaluation map at time s E [0,1]. 

We say that tt has hnite p-energy, p G [1, 00 ), if 

£/p(7r) := j Ap{'y) d7r(7) < oo, (5.17) 

a condition that in particular yields 7 G AC^([0,1];X) for 7 r-almost every 7 . If for some 
p > 1 the dynamic plan tt has hnite p-energy, it is not hard to show that the induced curve 
p belongs to AC^([ 0 , 1 ]; hFp)) and that 

lAsT < J d 7 r( 7 ) for .if^-a.e. s G ( 0 , 1 ), so that J |/is|^ ds < ^(tt), (5.18) 

where |/is| denotes the metric derivative of the curve p in {^{X), Wp). Notice that the sec¬ 
ond inequality in fl5.18l) can also be written as Ap(p) < s^p{Tz). The converse inequalities, 
which involve a special choice of tt, provide a metric version of the so-called superposition 
principle, and their proof is less elementary. 

Theorem 5.1 ([41]) For any p G AC^([0, 1];{^{X), Wp)) there exists a dynamic plan tt 
with finite p-energy such that 

pit = {et)^TT for every t G [0,1], [ dt = £/p(7r). (5.19) 

Jo 

We say that the dynamic plan tt is p-tightened to p if fl5.19l) holds. For this class of 
plans equality holds in fl5.18p . namely 

|ps|^ = J | 7 srd 7 r( 7 ) for FF^-a.e. s G ( 0 , 1 ). (5.20) 

Focusing now on the case p = 2, the distinguished class of optimal geodesic plans GeoOpt(X) 
consists of those dynamic plans whose 2-action coincides with the squared L^-Wasserstein 
distance between the marginals at the end points: 

77 G GeoOpt(X) if ^ 4 ( 77 ) = hF|(po,pi), p* = (ei)tt77. (5.21) 

It is not difficult to check that (15.211) is equivalent to 

77 -a.e. 7 is a geodesic and (eo,ei)jj 77 is an optimal coupling between po, pi. (5.22) 
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It follows that 77 G GeoOpt(X) is always 2-tightened to the curve of its marginals, and that 
a curve fi G Lip([0,1]; ^2)) is a geodesic if and only if there exists tt G GeoOpt(X) 

having /i has curve of marginals (Theorem 15.II is needed to prove the “only if’ implication). 

Finally, when a reference a-finite and nonnegative Borel measure m is fixed, we say that 
77 G ^(G([0,1]; is a test plan if it has hnite 2-energy and there exists a constant 

R > 0 such that 

fit ■= (et)it7r = gtm <C m, gt < R m-a.e. in X for every t G [0,1]. (5.23) 

5.5 Metric measure spaces and the Cheeger energy 

In this paper a metric measure space (X, d,m.) will always consist of: 

• a complete and separable metric space (X, d); 

• a nonnegative Borel measure m having full support and satisfying the growth condi¬ 
tion 


m(i?r(a:o)) < for some constants A, B > 0, and some xq G X. (5.24) 

The Gheeger energy of a function f E (X, m) is defined as 

Ch(/) := inf I liminf ^ |D/„p dm ;/„ G Lip,,(X), /„ ^-/ in L^(X, m)|. (5.25) 

L n^oo Z Jx ^ 

If / G L^(X,m) with Ch(/) < 00 , then there exists a unique function \Df\w E L^(X,m), 
called minimal weak gradient of f, satisfying the two conditions 

Lipj(X)nL"(A:,m)3/„^/, |D/„|^G mL=(Vm) ^ |D/|„ < G m-a,e. 

Ch(/) = I f |D/|^dm. 

(5.26) 

In (I5.25P we can also replace |D/| with |D*/| since a further approximation result of [H 

§8.3] (see [T] for a detailed proof) yields for every / G L^(X, m) with Ch(/) < 00 

3/„ G Lip;,(X) nL^(X,m) : /n ^/, |D*/n| |D/|^ strongly in L^(X,m). (5.27) 

We will denote by IF^’^(X, d,m) the vector space of the L^(X, m) functions with hnite 
Gheeger energy endowed with the canonical norm 

ll/llwC2(x,d,m) •= ll/llL2(x,m) + 2Ch(/) (5.28) 

that induces on IF^’^(X, d,m) a Banach space structure. We say that Ch is a quadratic 
form if it satishes the parallelogram identity 

Ch(/ + ^) + Ch(/-^) = 2Ch(/) + 2Ch(^) for every/, ^ G iy^’^(X, d, m). (5.29) 
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In this case we will denote by £ the associated bilinear Dirichlet form, so that Ch(/) = 
|£(/, /); if B is the m-completion of the collection of Borel sets in X, we are in the setting 
of Section IXTl keeping that notation, El = L^(X, m) and V is the separable Hilbert space 
W^’^{X,d,xn) endowed with the norm (I5.28p . Under the quadraticity assumption on Ch it 
is possible to prove [6l Thm. 4.18] that (15.291) can be localized, namely 

|D(/ + g)\l + |D(/ -g)\l = 2\I)f\l + 2\I)g\l m-a.e. in X. (5.30) 

It follows that 

if,9) ^ r(/, 9 ) := 1|D(/ + g)\l- 1|D(/ -g)\l = Mm |D(/+" |D/£ ( 5 . 31 ) 

is a strongly continuous bilinear map from V to L^(X, m), with r(/) = |D/|^. The 
operator T is the Carre du Champ associated to £ and £ is a strongly local Dirichlet form 
enjoying useful T-calculus properties, see e.g. [m Cl 119], and the mass preserving property 
fl3.14p (thanks to fl5.24p ). In the measure-metric setting we will still use the symbol L to 
denote the linear operator —A : V —)■ V' associated to £, corresponding in the classical 
cases to Laplace’s operator with homogenous Neumann boundary conditions. We also set 

D ;= {/ e V : L/ G H}, (5.32) 

the domain of L as unbounded selfadjoint operator in El, endowed with the Hilbertian 
norm ||/||2 ;= \\f\\^+ ||L/||^. The operator —L generates a measure preserving Markov 
semigroup (Pt)t>o in each L^(X, m), 1 < p < oo. 

Recall that the Fisher information of a nonnegative function / G L^(X, m) is dehned 
as 

F(/):=4£(y7.y7) = 8 Ch(y 7 )= / hhdm ( 5 . 33 ) 

-'{/>o} / 

with the usual convention F(/) = -|-cx) whenever ^/J ^ IU^’^(X, d, m). 

5.6 Entropy estimates of the quadratic moment and of the Fisher 
information along nonlinear diffusion equations 

In this section we will derive a basic estimate involving quadratic moments, logarithmic 
entropy, and Fisher information along the solutions of the nonlinear diffusion equation 
(I3.23P in the metric-measure setting of the previous section 15.51 In order to deal with 
arbitrary measures satisfying the growth condition fl5.24p . we follow the approach of [5]: 
we will derive the estimates for a reference measure with finite mass and then we will 
extend them to the general case by an approximation argument. A basic difference here is 
related to the structure of the equations, which are not gradient flows; we will thus use 
the L^-setting by taking advantage of the m-accretiveness of the operator A of Theorem 

EH 
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Let us first focus on the approximation argument. Taking fl5.24l) into account, we fix a 
point xo G X and we set 

V(x) := fa + 6d^(x,Xo)j , Vfc(x) := V(x) A A;, (5.34) 

for suitable constants h := B + 1, a> (logA)^ so that 

o poo poo 

/ = 26e““ / re~’^^^m{Br{x)) dr < e~°'A / 2 re“'’^dr<l. (5.35) 

Jx Jo Jo 

As in [5l Theorem 4.20] we consider the increasing sequence of hnite measures 

mo := e“^^m =/dotri, :=/d^m = e'^femo, /3k := keNo. (5.36) 

Notice that jSk is a bounded Lipschitz function and f3/^^ is locally Lipschitz. The map 

Yk : g ^ q/( 3k is an isometry of L^(X, m) onto L^{X,mk)- (5.37) 

We will denote by Ch^ the Cheeger energy associated to the metric measure space (X, d, m^); 
by the invariance property |5l Lemma 4.11] and fl5.30p Ch^ is also associated to a sym¬ 
metric Dirichlet form 6 ^ in L^(X, m^), inducing a selfadjoint operator Lk with domain 
Dfc C L^(X, m/c). We £x a map P : M — )■ M as in fl3.24p and we dehne the m-accretive 
operator Ak in L^(X, m^) as in (I3.52p . by taking the closure of the graph of Ak := —Lk o P 
dehned by (13.511) . We eventually consider the realization of Ak in L^(X, m) 

Ak := Y-^AkYk, (5.38) 

since are isometries, Ak is m-accretive in L^(X, m) and it generates a contraction semi¬ 
group (Sj)t>o by Crandall-Liggett Theorem as in Theorem l3.4f ND4i . Notice that for every 
g e L^(X, m) with 

TfcP G L^(X,mfc) i.e. / e'^^p^dm<cx) (5.39) 

Jx 

(in particular when g belongs to L^(X,m) and has bounded support), setting g^ := 
the curve Ykg^ is a strong solution of the equation u' — LkP{u) = 0 in W^’^( 0 , T; V*,, Vg^^) 
and for every entropy function W as in Theorem 13.41 (ND2) we have 

[ W{g^//3k)(3k dm + [ dk{P{gr//3r),W'{g'(//3r)) dr = [ W{g//3k)/3k dm. (5.40) 
Jx Jo Jx 


Theorem 5.2 For every g G L^(X,m) we have 

limS^p = Stg strongly in L^(X,m) (5-41) 

fctoo 

and the limit is uniform in every eompact interval [0 ,T]. 
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Proof. By Brezis-Pazy Theorem [22l Thm. 3.1], in order to prove fl5.4ip it is sufficient 
to check the pointwise convergence of the resolvent operators := (J + TAk)~^ to = 
(J + tA)~^ in L^{X, m), i.e. 

hmJ^/ = J.^/ strongly in m) for every r > 0, f e L^{X,xn). (5.42) 

fctoo 

Since J^, are contractions, for every g G L^(X, m) we have 

IIJp - Jr/lli. < IIJp - jp + jp - Jrg + Jrg - Jr/Ill. < 2||/ - g|U. + BJjg - rsiu. 

so that by an approximation argument it is not restrictive to check fl5.42p for / G fl 
L^(X, m) with bounded support. 

Let ff = G L^{X,xn); recalling Theorem 13.61 it is easy to check that = Y^ff = 
ff/f3k G L^(X, mfc) is the solution of 

h\-LkP{}i\)=fl^u inL2(x,mfc). 

If we denote by P~^ : M —)• M the inverse function of P, then = P{h^) belongs to 
Dfc C L^(X, rrifc) and solves 

p-\z\)-Uz';=flfi^. (5.43) 

Introducing the uniformly convex function V*{r) := P~^(x)dx which still satishes the 
uniform quadratic bounds fl3.40p . the solution to problem fl5.43p can be characterized as 
the unique minimizer in L^(X, rrifc) of the uniformly convex functional 

z^^^(z):= [ V*{z)dmk + Chk{z) - [ fzdm. (5.44) 

Jx Jx 

Arguing as in the proof of [5l Theorem 4.18] it is not difficult to show that z^ converges 
strongly to Zr in L^(X, ruo) C L^(X, m), where z^ is the unique minimizer of 


2 ^ <|.(; 2 ) ;= / v*(z) 


f B*(2;) dm + Ch(^) — f fz dm, 
Jx Jx 


with 


V*{z^)dmk= / V*{z^)f3kdm / ld*( 2 :T-)dm as A; t oo. 


(5.45) 


(5.46) 


IX 


'X 


IX 


Since every subsequence n k{n) admits a further subsequence n i—)■ k'{n) along which 
(n) converges mo (and thus m)-a.e., the Lipschitz character of P yields hr — )■ K 

m-a.e.; since —>■ 1 uniformly on bounded sets we also get fr fr m-a.e. 

When / > 0 the order preserving property fl3.49p shows that ff > 0 and the mass 
preserving property yields 




(5.47) 


so that /r —)■ /t- strongly in L^(X, m). Since the sequence n i—)■ k{n) is arbitrary, we 
conclude that ff f^- strongly in T^(X, m) as /c —)■ oo. When / has arbitrary sign, we still 
use the monotonicity property to obtain the pointwise bound \ ff\ < J^|/| and we conclude 
by applying a variant of the Lebesgue dominated convergence theorem. □ 
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We consider now the logarithmic entropy density Uoo{r) := rlogr, r > 0 and for given 
nonnegative measures p G and k eNq, we set 

:= / Uoo{g/f3k)f3k dm = / plog(p//5fc) dm, /i = pm-C m; (5.48) 

Jx Jx 

we will simply write 'Uoo(p) when k = oo and f3k = 1; we will set IX^(p) = +oo if fi is not 
absolutely continuous w.r.t. m. The inequality 

Uooir) > r — e~''^ — rv^ for every v G M, r > 0, (5.49) 

and (I5.35P show that the negative part of the integrand in (15.481) is always integrable 
whenever fi G ^{X) and k < oo with 


C(h)+ / V2d/i>0. 


>x 


When k = oo and fi G i^2(W) we also have 


UM + / d,, = + vl > 0. 


(5.50) 


(5.51) 


'X 


' X 


Moreover, if fi^ = p^m is a sequence of probability measures with Qk ^ Q strongly in 
L^(X,m) with p = pm G ^2(W), by [31 Lemma 9.4.3] and writing U’^{fik) + J^V^d/ifc as 
the relative entropy of fik with respect to the hnite measure mo we have 


liminf lf^(/ifc) + / d/ifc > lXoo(/u) + / VMp. 


fc—>^oo 


>X 


' X 


Even easier, since the sequence is monotonically increasing, we have 


lim inf 

fc—>-oo 


yldfik> / vM/i. 


'X 


>x 


Finally, dehning the relative Fisher information in (X, d,mfc) as in (I5.33p by 

Ffc(p) := 8Chk{^/g/(3k) 

and observing that ||\/ g/[3k\\L^{x,mk) = Jx ^dm, jS] Proposition 4.17] yields 


liminf Ffc(pfc) > F(p). 

fc—>-CO 


(5.52) 

(5.53) 

(5.54) 

(5.55) 


Theorem 5.3 (Entropy, quadratic moment and Fisher information) In the 

metric-measure setting of Section 15.51 let p G L^(X, m) satisfying p = pm G I^ 2 {X) and 
hfoo(/t) < oo, and let p he the corresponding solution of the nonlinear diffusion eguation 
fl3.3ip according to Theorem |5'.4 Then there exists a constant C > 0 only depending on 
a, B of 03.241) and 05.24p such that for every t G [0,T] the probability measures pt = ftiri 
belong to o,nd satisfy 


hfoo i^Pt 


IX 


dpt + - 


F(pr) dr < e*"* ^lXoo(/i) + 2 J \/^dp'^. (5.56) 
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Proof. By a standard approximation argnment, the L^-contraction property of Theorem 
13.41 fND4i and the lower semicontinnity of entropy, qnadratic momentum and Fisher infor¬ 
mation fl5.52p . (I5.53p . fl5.55p . it is not restrictive to assume that p also belongs to m) 
and has bounded support. By Theorem 15.21 it is also sufficient to prove the analogous 
inequality 

UKP) + 2 I V| + I r Fi(pf) dr < fe(p) + 2 / Vj dp), (5.57) 

where := S^g and := g^m. 

Since Uoo does not satisfy the conditions of (ND2) of Theorem 13.41 we cannot imme¬ 
diately compute its derivative along the solution of the nonlinear diffusion equation as in 
fl3.33p : we thus introduce the regularized logarithmic function 


W^{r) := {r + e)[\og{r + e)-log e) - r = U^{r + e) - U'^{e){r + e) + e, e > 0, (5.58) 
satisfying 

1 T,(0) = W'M = 0, W^{r) = log(r + e) - logs, Wf{r) = (5.59) 

Applying fl5.40p to BA we obtain 


/ W,{g^JI3u)l3kdm+ / Zu{P{gl/l3k),W',{gl/13^)) dr = / We{g/I3k)l3kdm. (5.60) 

'x Jo Jx 


Standard T-calculus (see e.g. m) and the fact that gi/l3k £ for almost every 

t E [0, T] yield 


T{P{g’l/f3k),W'{gt/f3k)) 


CJt/l3t + a 


r(rf/A,gf/A) > 


a 

Qt/f3k + £ 


Tig^/f^k,gt/f3k). 


Setting BA^(r) := r log(r -f e) and BA^(r) := £(log(r + e) — loge) and using the fact that 
g^ dm = pdm and Wf{r) > 0, (I5.60p yields 


W^{Qt/l3k)/3k dm 


>x 



Tjg^JfJk, dltfik] 
Qt 113 k + £ 


(3k dm dr 


< 


lx 


Wl{g/13k) + W"^{g/13k)] 13k dm. 


We observe that 


(5.61) 

(5.62) 


BA^(r) < r(r + e - 1), Wl{r) f U^{r), W^{r) < r, lim BA^(r) 

£4.0 

so that we can pass to the limit in (I5.6ip . (15.621) as £ 0 obtaining 


= 0 , 


UM + a / fki0^r)dr<Ul{jl). 
Jo 


(5.63) 
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We now compute the time derivative of t d/i^ obtaining 

2 


vM = 2et(P(ei/fik)X)<^ f v'r(rf/A)v*Adm 


< 


4\/6, 


(Ft(rf) V| d^f) < iFt(rf) + ^ V| 


86 


2 j ,.A: 

t * 


Integrating in time and summing up with (15.63^ we obtain 


UL(rf) + 2 / Vld,,f + - / dr < C(/i) + 2 ; Vjd/i 

«/ «/ 0 V 


oz. ft 

o ; ;; v^dp.^jdr. 


3 Jo 

Since + 2 dp^ > d/r^ Gronwall Lemma yields fl5.57p with C : 


8(B+1) 

□ 


5.7 Weighted F-calculus 

In the metric-measure setting of Section [531 consider a nonnegative function p G L°°{X, m). 
Any / G LP{X,m) obviously induces a function in L^(X, n), with n = pm, that we shall 
denote /; in the following we will often suppress the symbol “when there will be no risk of 
ambiguity. 

Consider now the symmetric and continuous bilinear form in V x V 

Se(/,^):=/ ^r(/,p)dm /, P e V, (5.64) 

Jx 

which induces a seminorm: we will denote by Yg = the abstract Hilbert spaces con¬ 
structed from £g, as in Section 13.21 namely the completion of the quotient space of V 
induced by the equivalence relation / ~ p if £g(/ — g, f — g) = 0, with respect to the norm 
induced by the quotient scalar product. If <p G V then its equivalence class in Yg will be 
denoted by ipg (or still by <p when there is no risk of confusion), whereas we will still use 
the symbol £g to denote the scalar product in Yg. By locality, ii & Y with cp = xfj 
m-a.e. on {p > 0} then ipg = -0^. In the degenerate case when p = 0 m-a.e., then Yg reduces 
to the null vector space and everything becomes trivial. 

Notice that the quadratic form ^8,g is always larger than the Cheeger energy Ch^ induced 
by the measure n = pm, in the sense that for every / G V ^£g(/) > Chn(/), see also 
Lemma 1531 below. When p = 1, Vi corresponds to the homogeneous space Vg associated 
to £ already introduced in Section [531 

The following two simple results provide useful tools to deal with the abstract spaces 
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Lemma 5.4 (Extension of T to the weighted spaces Yg) Let g G and let 

{(fn) G Y be a Cauchy sequence with respect to the seminorm of Yg, thus converging to 

0 G Vg. ThenT{(prfj is strongly converging in {X, ^m) to a limit that depends only on g 

and 0 and that we will denote by rg(0). When (j) = tpg for some 99 G V then rg(0) = r((^) 
gm-a.e. in X. The map 

r^(0,0) ;= ^r^(0 + 0) - ^r^(0 - 0 ) (5.65) 

is a continuous bilinear map from Yg to L^{X, fpm) and fl5.64p extends to Yg as follows: 


£e(0,^)=/ ^rg(0,'0)dm (f^'ipeYg. 
Jx 


(5.66) 


Proof. The convergence of in L^{X, f)m) and the independence of the limit follow 

from the obvious inequality 


lx 


r( 0 i)-r( 02 ) gdm= I r(0i-02)^'^^r(0i+ 02 )"''^^dm < 1101 - 02 ||vJ| 0 i + 02 II 

Jx 


1/2 




for every 0i, 02 £ V. When (f = tpg then we can choose the constant sequence (pn = /9, 
thus showing that rg(0) = r((p) pm-a.e. in X. It is immediate to check that rg(-) satisfies 
the parallelogram rule, so that the properties of rg(-, •) defined in fl5.65l) . and fl5.66p follow 
from the corresponding properties of T and in V. □ 


The following lemma shows that when the weight g satisfies a mild additional regularity 

assumption, then rg(</9g) = r((p) coincide with the minimal relaxed slope relative to the 
measure pn. 


Lemma 5.5 (Comparison with the weighted Cheeger energy) Let n = pm where 
g G L°°(X,m) is a nonnegative function satisfying y/g G Y, and let Ch^ be the Cheeger 
energy induced by n in L^(X, n) with associated minimal weak gradient |D ■ For every 

ip eY we have p G Zi)(Chn) with |D0|^_n = r((p); in particular, one has the identifications 

|D0U,n = r(/9) = r^(/9g) n-a.e. in X. 

Proof By the previous Lemma, setting 0 = pg, with p eY, we have rg(0) = r((p) n-a.e. 
On the other hand, [a Thm. 3.6] yields r((/ 9 ) = |D0|^^n n-a.e. in X. □ 


Lemma 5.6 (Stability) Let gt E L'^{X,m), t E [0,1], be a uniformly bounded family, 
continuous with respect to the convergence in m-measure, let g E L^(X, m) and let Bt ; 
V —)■ V be a family of linear operators satisfying 


/ gWi^Etp) dm < C / pr((p)dm for every t E [0,1], p eY, 
lx Jx 

t i-G Btp E C([0,1]; V) for every p eY. 
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(5.67) 

(5.68) 










Then Bt can be extended by continuity to a family of uniformly bounded linear operators 
from Yg to Yg^ such that 

S,g,{Bt(j)) < for every t G [0,1], 0 6 Yg, (5.69) 

t ^ e C([0,m)) for every (f e Yg. (5.70) 

Proof. Assumption (I5.67p shows that for every t G [0,1] the operator Bt is compatible with 
the equivalence relations associated to Yg and Yg^, so that it can be extended by continuity 
to a linear map between the two spaces, still denoted Bt and satisfying fl5.69p . Given any 
if G Yg, choosing (cpn) C V such that the corresponding elements (^n)^ converge to 0 in 
Yg, the estimate fl5.67p shows that pt^g^(Bt(pn) converges uniformly in time to pt^g^i^Btf)) in 
L^(X, m), so that the continuity property (15.701) follows from the continuity of each curve 
t Pt^gt i-^tTn)- □ 

Finally, we discuss dual spaces, following the general scheme described in Section [221 
see in particular Proposition 13.11 The space Yg is the realization of the dual of in Y'. It 
can be seen as the finiteness domain of the quadratic form 

l-E*g{i,i) := sup {i, if)-^^g{ip, if), ieY'. (5.71) 

We shall denote by £*(•, •) the quadratic form on Yg induced by £*. We denote by —Ag 
the Riesz isomorphism between Yg and Y^, and by —A* its inverse. It is characterized by 

(j) =—A*^i Eg{(j),'ilj) = for every-0 G Vj,. (5.72) 

Notice that it is equivalent in (15.72!) to require the validity of the equality for all 0 G V; 
in this sense, (15.72!) corresponds in our abstract framework to the weak formulation of the 
PDF —div(pV0) = ^ in (I2.26p . and —A* is the solution operator. Since —Ag is the Riesz 
isomorphism, we get 

tl{l,l) = Eg{A*/,A*/). (5.73) 

Correspondingly we set 

r;(£) ;= P^(A;£) whenever I G Yg. (5.74) 

It is clear that P* : dA{X, pm) is a nonnegative quadratic map. 

Lemma 5.7 (Dual characterization of P*) For every i eY' and p G L“(W, m) let us 
consider the (possibily empty) closed convex subset of L‘^{X, pm) defined by 

G{p,i) := E L‘^{X,pm) :\{i,(p)\ < j py^P^pdm for every G v|. (5.75) 

Then i E Y^ if and only if G{p,i) is not empty; if i E Y^ then is the element of 

minimal Lf{X, pvc\)-norm in G{p,i). 
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Proof, li g E G{g,£) then 


{£,P) < \\9\\L^X,i,m)(^iy{P,P) 


1/2 


for every G V, 


so that ^ e Vg and 


TGi) gdm =E:{i,i)< / g^gdm. 


' X 


' X 


Conversely, let us suppose that G V' and let 0 = —A*£; fl5.72p yields 


(5.76) 


\{£,fj)\< f \Tg{(f,^jJ)\ gdm < j gdm for every V'e V 

so that ^jTf{£) = G G{g,£). Combining with fl5.76p we conclude that ^Tf{£) is 

the element of minimal norm in G{g,£). □ 


The following lower semicontinuity lemma with respect to the weak topology of V' will 
also be useful. Remembering the identihcation fl3.2ip . the lemma is also applicable to 
sequences weakly convergent in Yf 

Lemma 5.8 Let gn ^ g in L°°(X, m) be nonnegative and assume that £n ^ £ in Y'. Then 

liminf £* (4,4) > Ll(£,£). (5.77) 

If moreover gn ^ g also in the strong topology o/L^(X, m) and 

lim sup £*^(4,4) < £*(£, £) < oo, (5.78) 

n—>-oo 

then for every continuous and hounded function Q : [0, oo) —)■ [0, oo) we have 


lim 

n^oo 



Q(^n)r;„(4)^n dm 



Q(^)r;(4 ^dm. 


(5.79) 


Proof. Concerning fl5.77p . for every G V, we have 

(£, 9 ?)-^ [ pr(</?)dm= lim f(4,/?)-^ [ Pnr(</3) dm) < liminf £* (4,4). 

Z J yr n^oo \ Z JX ^ n^oo 

Taking the supremum with respect to (p G V we get (I5.77p . 

Let us consider the second part of the statement and let us set gn = ^Tf^{£n), 

hn = gnQn- Siuce is uniformly bounded in L^(X, m), possibly extracting a suitable 
subsequence we can assume that h^ weakly converge in Lf{X,m) to h. Since the measures 
h„m, p^m weakly converge respectively to hm and pm and the densities gn of h„m w.r.t. 
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QnViX satisfy sup„ ||5'n||i,2(x,enm) < oo we can apply a standard joint lower semicontinuity 
lemma (see, for instance [3l Lemma 9.4.3]) to write h = gg for some g G L‘^{X, pm), with 


IX 


g g dm < lim inf / g^ gn dm. 

Jx 


(5.80) 


Passing to the limit in the inequalities 

I (4, -0) I < / ^r;J4) Pn dm = f K dm for every V’ e V, 


we get 


, t/^)| < / h^Jvi^ (\m= / p'y/r('0) pdm for every-0 £ V, 

J X J X 


which shows that g G G{g,i). On the other hand, fl5.78p and 05.801) yield 


lx 


pdm < lim inf / p„ dm = lim inf 6*^(4,4) <£*(£,£) = / r^*(£)pdm. 


lx 


so that Lemma [521 gives P = y^P^* (^). 

Setting now m„ = p^m, ffv = pm, we know that lim sup„ p^ dth^ < p^ dm, and 
05.79P can be written in the form 


lim 

n—>-oo 



Qi,Qn)9n dm,2 


Q{g)g^ dm. 


IX 


This convergence property can be proved writing the integrals in terms of the measures 
On ■= (Pn, Pn)tt'tTVn which couverge in ^2(1^ x M) to 6 * = (p, p)ttm, using the test function 
{u,v) !-)■ Q{u)\v\‘^. □ 


6 Absolutely continuous curves in Wasserstein spaces 
and continuity inequalities in a metric setting 

In this section we extend to general metric spaces some aspects of the results of [3l Chap. 8]. 
Even if we will use only the case p = 2, we state some results in the general case for possible 
future reference. 

Let (X, d) be a complete and separable metric space; we set X := X x [0,1] and dehne 
e : C([0,1],X) X [0,1] —X by e{'y,t) := ( 7 (t),t). For every dynamic plan tt we consider 
the measures 

A := 7f;=7r(8)A, /i := ejj(7r) G ^(X x [0,1]). (6.1) 

Notice that the disintegration of jl with respect to time is exactly ((ef)tj 7 r)tg[ 07 ], i.e. jl 
admits the representation 
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If 77 has finite p-energy for some p G (l,oo), the Borel map (7,t) v( 7 ,t) := | 7 |(t) 

(dehned where the metric derivative exists) belongs to L^(C([0, 1];X) x [0, l],7r), so that 
the mean velocity n of tt can be dehned by 

eo(v7r)=u/i with neL^(X,/i), v{x,t) = ^ | 7 t| d7f^,t(7) (6.3) 

(here {j^x,t)(xt)&x ^ is the disintegration of tt w.r.t. its image fi). More 

precisely, Jensen’s inequality gives 



(6.4) 


In the next dehnition we make precise the concept of a square integrable velocity density 
for a curve of probability measures: differently from [3], here we can consider only the 
“modulus” of the velocity held, but this already provides an interesting information in 
many situations. 

Definition 6.1 (Velocity density) Let p G C([0,1]; p := J/i^dA G We 

say that v G L^{X,fi) is a velocity density for /i if for every ip G Lip^(X) one has 




< / |D*(p|ud/i 

Jxx{s,t) 


for every 0 < s < t < 1. 


(6.5) 


The set of velocity densities is a closed convex set in L^{X,fi), and we say that v is a 
p-velocity density if v ^ LP{X,fi). We say that v G LP{X,fi) is the minimal p-velocity 
density if v is the element of minimal Lp{X, fl)-norm among all the velocity densities. 


Remark 6.2 (Lipschitz test functions with bounded support) We obtain an equiv¬ 
alent dehnition by asking that (16.bh holds for every test function p G Lipj(X) with bounded 
support', in fact, hxing xq E X and the family of cut-oh functions 

'iIjr{x) = p{d{x,xo)/R) where p{y) = {1 - {y - 1)+)+, (6.6) 

every ip G Lip^(X) can be approximated by the sequence ipn ■= T ' 4’n] if w G L^{X,fl) 
satishes fl6.5p for every Lipschitz function with bounded support, we can use the dominated 
convergence theorem to pass to the limit as n ^ oo in 


p>n dpt 




' X 


' X 


< 


IXx{s,t) 


|D*(p| vdp + sup \p\ 


' {B2n (xo)\Bn {xo))x {s,t) 


V d/i. 


since 

|DVn|(a:) < \^*T\ix) fJnix) + snp\p>\XB^^^xo)\Br,{xo)i^)' 
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For p G (1, oo), we are going to show that the minimal p-velocity density exists for curves 
fi G AC^([0,1]; {^{X),Wp)) and that it is provided exactly by fl6.3p . for every dynamic 
plan with hnite p-energy tt tightened to p. Heuristically, this means that for a tightened 
plan TT associated to p, while branching may occur, the speed of curves at a given point at 
a given time is independent of the curve and given by the minimal p-velocity. The starting 
point of our investigation is provided by the following simple result. 

Lemma 6.3 (The mean velocity is a velocity density) Let tt be a dynamic plan with 
finite p-energy and let p, p, v be defined as in flG.ip . fl6.2p . fl6.3p . Then v G L^{X,p) is a 
velocity density for p. 


Proof. Immediate, since for all p G Lip(,(X) the upper gradient property of |D*<p| yields 


pdpt- j (pdps = j (^<p( 7 (f)) - <p( 7 (s))) d7r(7) < j |DV|( 7 (r))| 7 |(r) dr d7r(7) 


J X 

= / |D*(p|( 7 (r))v( 7 ,r) d7r(7,r) = / \D*p\vdp. □ 

ic([0,l];X:)x(s,t) Jxx{s,t) 

The next Lemma shows that we can use a velocity density even with time-dependent 
test functions. 

Lemma 6.4 Let p G C([0,1]; p \= f p^dX G t^(X) and let v G L^(X,p) be a 

velocity density for p. Then p G AC([0,1]; Wfi) and for every ip G Lip^(X) one 

has 


/ pt dpt — (ps dps < / {^rPr + |D*¥^r| v) djl for every 0 < s < t < 1, (6.7) 

'X Jx Jxx{s,t) 


where 


dfi(pr{x) = limsup-(<p^+/i(x) -ipfix)). 
hio n 


( 6 , 8 ) 


Proof If ip is 1-Lipschitz then |D*(p| < 1, so that from fIb.Sp and the dual chacracterization 
of Wi we easily get 


Wi{ps,Pt)= sup 


/ ipdpt- ip dp, 

lx Jx 


< J m{r) dr, where 
m{r) := / vdpr, so that m G L^(0,1). 


IX 


If we consider the map p{s,t) := Jj^ipsdpt and we call L the Lipschitz constant of ip, we 
easily get for every 0<s<s'<l, 0<t<t'<l 


\p{s',t) — p{s,t)\ < L\s'— s\, \p{s,t') — p{s,t)\ < L J m(r) dr. 
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so that we can apply [3l Lemma 4.3.4] to get the absolute continuity of t with 

d 1 /* 1 /* 

—r]{t, t) < lim sup t (ft d{fit - f^t-h) + hm sup - / {^pt+h - ^t) (6.9) 

clt hio n Jx HO n Jx 


Choosing a Lebesgue point of t e-)■ |D*(^|n d/it and applying Fatou’s Lemma we conclude 

that we can estimate from above the derivative of t r/(t, t) by 



Y)*ipt\vt d/it. 


Since t iH- rjit^t) is absolutely continuous, by integration we get the result. □ 


Theorem 6.5 (The metric derivative can be estimated with any velocity density) 

Let fi G C([0,1]; /i := / /it dA G and let v G Lp{X, fi) be a p-velocity density 

for jj, for some p G (1, oo). Then p G AC^([0,1]; {^P{X), hFp)) and 


lAtT < [ d/it for X-a.e. t E {0,1). (6.10) 

Jx 

Proof. We give the proof in the case p = 2, the general case is completely analogous. 
With the notation of Kuwada’s Lemma O Lemma 6.1], denoting by Qtp the Hopf-Lax 
evolution map given by fl5.9p . one has 


'-Wf{ps,Tt) = sup / Qiipdpt - pdps 0 < s <t < 1. 


2 (/peLipi,(x) Jx 

Setting i = t — s and recalling that 05.111) gives 

|D*Qr/£</^P 


df Qr/lP < 


2i 


in X X [0, £], 


the inequality 06.7p yields 

[ Qip d/it - / p dps < 

< 


IX 


lx 


lo Jx 




0 Jx 


|D*Qr/^(i9p \ 

- ^ -h Vs+rj dps+rdr 

dps+r dr. 


where we used that 2\D*Qr/f,ip\ Us+r < \D*Qr/iT\‘^/(■ + conclude that 


^W^{ps,pt) <^{t - s) J^v'^ dpr^ dr, 

that yields first the 2-absolute continuity of the curve t i-G- /it in {tX^ 2 {^),W 2 ). Also 
inequality O6.10p follows, because we have 

I <limi rV/„;d^Adr= f 

h^O h^ohJt \Jx J Jx 

for A-a.e. f G (0,1). □ 
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Theorem 6.6 (Existence and characterization of the metric velocity density) 

[M.l] A curve ^ G C([0,1]; ^{X)) belongs to AC^([0,1]; Wp)), p G (1, oo), if and 

only if fi admits a velocity density in LP{X,fi). In this case there exists a unique (up 
to fi-negligible sets) minimal p-velocity density v G U’{X,jl) and 

\idt\^ = / dpt /or A-a.e. t G (0, !)■ (6-11) 

J X 

[M.2] If Tz is a dynamical plan p-tightened to p and the mean velocity v of it is defined as 
in (I6.3p . then v = v p-a.e. in X and 

= \i\{t) /or-TT-a.e. ( 7 ,t). (6.12) 

In particular, the velocity of curves depends rz-a.e. only on {'j(t),t) and it is inde¬ 
pendent of the choice ofn. 

Proof. The characterization of AC^{fI,l\,{lX*p{X),Wp)) in terms of the existence of a 
velocity density in LP{X,p) follows in the only if part from the combination of Theorem 
IS.ll with Lemma [6^ and in the if part from Theorem l6.5l The existence and the nniqneness 
of the minimal p-velocity density is a conseqnence of the strict convexity of the L^-norm. 

If 77 is a dynamic plan p-tightened to p and v is dehned in terms of fl6.3l] , we can combine 
fl6.4p and Theorem 16.51 (which provides the sharp lower bonnd on the norm of velocity 
densities) to obtain that v is the minimal p-velocity density and that \pt\^ = Jx'^t dpt for 
A-a.e. t G (0,1), so fl6.1ip follows. Combining this information with fl5.20p yields 




|7t/d7r(7) 


so that, recalling fl6.3p . we get 


for A-a.e. t G (0,1), 



|7t| d7r,r,t(7) 


p 

dp{x, t) 



\it\^ d7T,j;^th) dp{x,t). 


It follows that, for p-a.e. (x,f), I// is 7r3.^i-eqnivalent to a constant. By the dehnition of v, 
this gives fl6.12p with v in place of v. Using the coincidence of v and v we conclnde. □ 


7 Weighted energy functionals along absolutely con¬ 
tinuous curves 

Let m be a reference measnre in X snch that {X, d, m) is a metric measnre space according 
to Section 1531 and set m ;= m® A, with A = =Sf^|[oq]. Let 0 : [0,1] x [0, cxo) ^ [0, cxo] be a 
lower semicontinnons fnnction satisfying 

hmr0(s,r) = O for every s G [0,1]. (7.1) 

r4.0 
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Our typical example will be of the form 


£l{s,r) = u{s)Q{r). (7.2) 

Let us fix an exponent p G (1, oo) and let us consider a curve p G AC^([0,1]; (^(X), Wp)). 
We denote p = psdX{s) G (namely the probability measure whose second 

marginal is A and whose disintegration w.r.t. the second variable is ps, s G (0,1)), and by 
V G LP{X,p) the minimal p-velocity density of p. We suppose that 

p = gm m, so that g{s, •) = Ps(-) = for A-a.e. s G (0,1), (7.3) 

dm 

where dz//dm denotes the Radon-Nikodym density of the measure u with respect to m. 
Then we introduce the functional 

AQ{p;m) := £l{s, Qs) dp = / p0(s, p*) drri. (7.4) 

Jx Jx 

We omit to indicate the dependence on p in the notation of the functional Aq, since p will 
be fixed throughout this section. Notice that when n(s,r) = 1 we have the usual action 
f^v^dp = Ap(p), the functional is independent of m and it makes sense even for curves 
not contained in A^°''^(X,m). 

If TT is a dynamic plan p-tightened to p (recall that this means ^(tt) = Ap(p)), thanks 
to fl6.12p we have the equivalent expression 

Aq{p-, ra) = 0(s, p,(7(s)))|7|P(s)dsd7r(7). (7.5) 

Theorem 7.1 (Stability of the weighted action) Let (pn) C AC^([0,1]; {XP{X), Wp)) 
with pn = Pnhf tfi, such that 



lim Qn = Qoo strongly in L^(X,rfi) 

(7.6) 

and, writing Pooiri = 

n—>-cx) 

: /foo =: Jq Moo(s) dA(s), one has 


limsup Alp(p.„) < Ap{poo) < oo. 

(7.7) 


n—)-oo 


Then 


liminf Ali3(p„;m) > AQ{poc-,ra) 

(7.8) 

and, whenever 0 is 

n^oo 

continuous and hounded. 


lim AlQ(pn;m) = AQ{poo;m). 

(7.9) 


n—>-oo 
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Proof. In this proof we are going to apply standard facts from the theory of Young mea¬ 
sures, we follow [3], even though the state space therein is a Hilbert space, because the 
vector structure plays no role in the results we quote, the Polish structure being sufficent. 
Up to extraction of a subsequence, (17.61) and equi-continuity in the weak topology yield 


Pn,s Poo,s weakly in ^{X) for every s G [0,1]. 


(7.10) 


We can apply [21 Thm. 5.4.4] hrst to the sequence {fin,Vn), with Vn equal to the velocity 
densities of We hnd that the family of plans := {i x has a limit point in 

^{X X [0, oo)) whose hrst marginal is jUoo and satishes (redehning i^n to be the subsequence 
converging to 1 ^ 00 ) 


/ | 2 /|^di/oo((r, s,|/) < liminf / diyn(x, s,y) < 

Jxx[0,oo) Jxxl0,oo) 

If (^x,s)(x s)ex Y i^([0, 00 )) is the disintegration of 1^00 w.r.t. Poo, setting 

poo 

Voc(x,s) := / ydiyx,s(y), 


(7.11) 


we obtain from the previous inequality and Jensen’s inequality that Uoo belongs to L^{X, fioo), 
with 

For every ip G Lip^(Y) and 0<r<s<l, we can use the upper semicontinuity of 
|D*(^| to pass to the limit in the family of inequalities corresponding to fl6.5l) 


I ip dfln,s I P dfin,7 

'x J X 


< / \D*p)\Vndjln= / \D*ip\{x)ydun{x,s,y), 

J Xx(r,s) J Xx{r,s)x[0oo) 


obtaining 


I ip d/ioO,S / p dpoo,7 

lx Jx 


< / \I)*ip\Voodfloo- 

JXx (r^s) 

It follows that Voo is a p-velocity density for the curve poo, so that |lnoo||^„/i> - ^ > Ap(poo) 
and since we already proved the converse inequality, equality holds. If is the minimal 
p-velocity density, from the equality - = ■Ap(/ioo) we get v^q = v*. Denoting 

now by {x,y,r) = {x,s,y,r) the coordinates in Y x [0, cx)) x [0,cx)), let ns now consider 
the plans cr„ := {x,y, gn{x))iiyn = (,x,Vn{x), gn{x))^pn e ^{X x [0, oo) x [0,cx))). From 
fl7.6p we obtain the existence of ( : [0, cxo) —)■ [0, cxo) with ({r) -f cxo as r —)■ cx) such that 

sup / C{r)(7n{x,y,r) = sup / p„C(^n) drh < 00 , 
neN J neN JX 

SO that (Tn are tight (the marginals of cr„ with respect to the block of variables {x, y) 
are thus are tight). We can then extract a subsequence (still denoted by cr„) weakly 
converging to cToo, whose marginal w.r.t. (x,|/) is Uoo- 
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The strong convergence in fl7.6p also shows that for every ( G Cb{X x M) one has 


C{x,r)d(7^{x,y,r) = lini / ({x,r) dcrn{x,y,r) = lini / C(x, dm(x) 


IX 


= / C(^, ^’oo(x))^oo(5) dm(x) = / C(5, ^oo(5)) d/ioo(5), 


IX 


IX 


so that (i X ^oo)tt/^oo is the marginal w.r.t. (x,r) of (Too- 
Hence, disintegrating cToo with respect to Koo, we obtain 


croo{dx,dy,dr) = (5p^(x)(dr’) x Ui{dy)dyooix). 

Since the map {x, y, r) 0(s, r)yP is lower semicontinuous and nonnegative in X x [0, oo)^, 
assuming (with no loss of generality) 1 = sup 0, we get 


lim inf tn) 

n—>-oo 


= liminf / £l{s,r)y^ d(Tn{x,y,r) > 


> 


0(s, goo)vlo dpoo > ■AQ(/ioo; rtx). 


J X 

By applying this property with 0 and 1 — 0, since yii 3 (p,;m) 
fl7.7p holds, we can use Remark ITTI to obtain fl7.9l) . 


0(s,r)|/^dcroo(x,2/,r) 


= Api^jj) when 0 = 1 and 

□ 


8 Dynamic Kantorovich potentials, continuity equa¬ 
tion and dual weighted Cheeger energies 


In this section we will still consider a metric measure space (X, d,rri) according to the 
dehnition of Section 15.51 and we will focus on the particular case when 

p = 2 and the Cheeger energy Ch is quadratic (see fl5.29p h (8.1) 

so that V = hT^’^(X, d, m) is a separable Hilbert space; we will also consider continuous 
curves (ps)sg[o,i] C <^^(X) with uniformly bounded densities w.r.t. m, i.e. 

/i G C([ 0 , 1 ]; ,^(X)), ps = p^m, R := sup ||p^||loo(^_„,) < oo. ( 8 . 2 ) 

Our main aim is to show that the weighted energies (or better, their dual forms 
provide a useful characterization of the minimal 2-velocity of absolutely continuous curves 
jj, in (^ 2 ( 1 ^), H 2 ), now not only in the form of inequality as in (I6.5p . but in the form of 
equality, see (18.51) . 

Lemma 8.1 (Absolute continuity w.r.t. Vg) Let y he as in fl8.2p and letv G L^(X,/i) 
he a velocity density for y, i.e. satisfying (16.51) . Then for every p G V one has 



Qs) dm 


< 


'Xx{s,t) 


\Dip\y,vdy 


for every 0 < s < t < 1. 


(8.3) 
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In addition g : [0,1] —?■ Lj',_ fl L“(X, m) has finite 2-energy with respect to the Vg norm, 
more precisely 


- QtWy' < R{t - s) 


IXx{s,t) 


f ^ d/i for every 0 < s < t < 1. 


(8.4) 


Proof. In order to prove fl8.3l) we simply approximate (p with a sequence of Lipschitz 
functions strongly converging to p in such that |D*(p„| —)■ |D(p|.u, in m) 

and we pass to the limit in fl6.5l) . using the fact that pt = fttn with uniformly bounded 
densities. 

By (18.3p it follows that 


{gt - P5)(^dm 


lx 


< 



dr 



dr, 


and since p is arbitrary we obtain fl8.4p . 


□ 


Theorem 8.2 (Dual Kantorovich potentials and links with the minimal velocity) 

Let us assume that Ch is a quadratic form and let p he as in fl8.2l) . Then p belongs to 
AC^([0,1]; W 2 )) if and only if there exists i E L‘^{0, 1; V') such that 



j p{0t — 0s) dm = J {i{r), p) dr for every p eY, 

(8.5) 

and. recallina the definition 05.711) of £1 . 



[ ^M{r),£{r))dr < 00 . 

Jo 

(8.6) 

In particular £{r) 
velocity density v 

E Y^^ for T^^-a.e. r E (0,1) and, moreover, it is linked to the minimal 
of p by 


[ grdm = E,lfi£{r),£{r)) for Yf^a.e. r E {0,1), 

Jx 

(8.7) 


Vr = Tgfifir) pr-CL.e. in X, for .^^-a.e. r E (0,1), 

(8.8) 


where fir = “^^■^(’") ^ *■5 Ihe solution of 05.721) with £ = £{r). 

Proof If p e AC^([0,1]; (,^(X), 11 ^ 2 )) then the existence of i and 08.51) follow imme¬ 
diately by Lemma 18.11 Theorem 16.61 and the fact that V' is a separable Hilbert space. 
Differentiating 08.3p with v equal to the minimal velocity density in a Lebesgue point for 
s dm and for a countable dense set of test functions 9 ? in V we get 


£^^('^(^))'^(^)) < [ Vrgrdm ioT r E (0,1), 

Jx 


(8.9) 
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which in particular yields fl8.6p . 

In order to prove the converse implication (and that equality holds in fl8.7p . as well as 
fl8.8p ). let us start from p as in fl8.2p . satisfying fl8.5p and (I8.6p for some i. G -h^(0,1; V'). 
Let us consider ijj G Lip(X) with bounded support, the solution (pr = —A*^^{r) G of 
(I5.72P with i = i{r) and the equivalence class associated to ip in so that 


{i{r),ip) = j grTg^{(j)r,ipg,)dm. 

Now observe that (I8.5p and (18.bp yield for every 0 < s < f < 1 


/ ipdfit- Ip dp, 

'x Jx 


< 


lx 


QrTgX(i>T,'iper) dm 



dr < / / dmdr 

s Jx 


since for ip G Lipj(X) 

= r(V') = \BiP\l < |D>|2 p,m-a.e. in X 


1 / 0 

In view of Remark [6.21 we see that Vr = (rg^(0r)) is a velocity density for the curve p. 
Applying Theorem 16.51 and fl5.73p we get p G AC^([0, 1]; W 2 )). In addition, since 

f v‘^grdm= f Tg^{(pr)grdm= 8,g^{(pr,(pr) = for ^^-a.e. r G (0,1), 


comparing with fl8.9p we obtain that v is the minimal velocity density v, thus obtaining 
fl8.7p and fl8.8p . □ 


9 The RCD*(X, N) condition and its characterizations 
through weighted convexity and evolution varia¬ 
tional inequalities 


9.1 Green functions on intervals 


We define the function g : [0,1] x [0,1] —)■ [0,1] by 


(1 — t)s if s G [0, t], 
t{l — s) if s G [f, 1], 


so that for all t G (0,1) one has 


ds'^ 


g{s,t) = St 


in ^'(0,1), 


g(0,f) = g(l,f) = 0. 


(9.1) 


(9.2) 


It is not difficult to check that (see e.g. [SSI Chap. 16]) the condition u" > f can be 
characterized in terms of an integral inequality involving g. 
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Lemma 9.1 (Integral formulation of u” > f) Letu G C([0,1]) and f G L^(0,1). Then 

u''>f (9.3) 

if and only if for every 0 < tq < ri < 1 and t G [0,1] one has 

u((l - t)ro + tri) < (1 - t)u{ro) + tu{ri) - (ri - rof [ /((I - s)ro + sri)g(s, t) ds. (9.4) 

Jo 

Proof. In order to prove the implication from fl9.3p to fl9.4p it is not restrictive to assume 
u G C^([0, 1]) and / G C([0, 1]). The proof of fl9.4p follows easily from the elementary 
identity 


m ((1 - t)ro + tri) = (1 - t)u{ro) + tu{ri) - (n - rof / m "((1 - s)ro + sri)g(s, t) ds. 

Jo 

Concerning the converse implication, we choose ri := r + h, rg = r — h and t = J obtaining 
11 

-u{r + h) + -u{r — h) — u{r) > / /(r — h + 2hs)g(s, 1/2) ds. 

2 2 Jq 

Multiplying by 2h~‘^ and by a nonnegative test function ( G C/°(0,1) we get after an 
integration 

— J u{r)[({r + h)+({r — h)— 2({r)) dr > 8 j g{s,l/2)(^J f{r — h + 2hs)({r)dr^ds. 
Passing to the limit as h 0 we obtain 


MC"dr>8/ g(s, l/2)ds / f(dr= /(dr. 


□ 


In the next lemma we show that functions satisfying the weighted convexity condition 
(19.4p are locally Lipschitz, this will allow us to apply Lemma [9Tl 


Lemma 9.2 Let 2 ) C M, D 7 ^ {0}, be a Q-vector space and let u : (0,1) fl 2 ) —)■ M 
satisfy fl9.4l) for some f G 1), for every rg, Vi G (0,1) HD, t E [0,1] such that 

(1 — t)ro + tri G 2). Then u is locally Lipschitz in (0,1), more precisely for every closed 
subinterval [a, b] C (0,1) there exists C >0 such that 

\u{x) — u{y)\ < C\x — y\ Vx, ?/G (a, 6) fl 2). (9.5) 


Proof Since the statement is local and 2) is dense, we can assume with no loss of generality 
that / G L^(0,1), that 0, 1 G 2) and that (19.4p holds rg, r^, ri G [0,1] fl 2), with rt := 
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(1 — t)ro + tri. First of all note that fl9.4p is equivalent to the following control on the 
incremental ratios: for every Tq, rt, ri G [0,1] H 2) one has 


u{rt) - u{ro) ^ u{ri) - u{rt) 
n-ro ~ n- rt 


ri - rp 


f{rs)g{s,t) ds. 


(9.6) 


Observing that 0 < g{s,t) < t{l — t), we can easily estimate the remainder in the last 
inequality by 


ri - rp 

til-t) 


f{rs)g{s,t) ds 


< [ l/W|dr = 

Jro 


(9,7) 


Given a < b E (0,1) O 2D, for every x, y E T) H {a,b), x < y, we want to use (19. 6 p 
iteratively in order to estimate the difference quotient \u{x) — u{y)\/\x — y\. 

Applying (19. 6 p with ro = 0, ri = x, rt = a we obtain 


M(a) -m(0) ^ u{x)-u{a) ^ 

- <-^ \\j\\l^{0,x)- 

a X — a 

Analogously, choosing tq = a, ri = y, rt = x in fl9.6l) yields 

u{x) — u{a) u{y) — u{x) 


< 


+ ||/||Ll(a,j/)- 


X — a y — X 

Putting together 09.81) and 09.9p we obtain the desired lower bound 

u{y) — u{x) ^ u{a) — m(0) 
y — X ~ a 

Along the same lines one gets also the upper bound 

u{y) — u{x) u{l) — u{b) 


- 2||/||li(o,i)- 


< 


y-x 


l-b 


+ 2||/||li(o,i)- 


(9.8) 


(9.9) 


Since the last two estimates hold for every x, ?/ G 2D O (a, b) with x y, the proof is 
complete. □ 

The next lemma provides a subdifferential inequality, in a quantitative form involving /. 


Lemma 9.3 Suppose that u E C([0, 1]) satisfies u” > f in ^'(0, 1) for some f E T^(0, 1). 
Then, setting m'( 0+) := limsupt^o('^(^) “ "^(O))/^; 9^^ 

m(1) — m(0) — m'(0+) > f /(s)(l —s)ds. (9.10) 

Jo 
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Proof. Notice that by fl9.4p 


u{t) — m(0) < t{u{l) — m(0)) 


f{s)g{s,t) ds. 


Dividing by t and passing to the limit as t 0, since lim^o^ ^g('S,t) = 1 — s pointwise in 
(0,1] and 0 < t) < {1 — s), we get (19.1 Oh . □ 


A similar resnlt holds for the solutions u of the differential inequality 
mGC([0, 1]), u" + KU<0 in ^'(0,1), k G M. 


(9,11) 


In this case, choosing [ro,ri] C [0,1] with 5 = ri — ro G (0,1], we can compare the function 
t i-G- m((1 — t)rQ + tri), which solves tc" + k6‘^w < 0 in ^'(0,1), with the solution of the 
Dirichlet problem 


v" + k,5‘^v = 0 in (0,1), v{0) = u{ro), v{l) = u{ri), 


given by 


sin(a;(l-t)) sin(a;t) 

v{t) = u{ro) -—--hM(ri) 


sin(a;) 


and by 


, , , , sinh(a;(l — t)) , , 

v{t) = u{ro) - . —- + u{ri) 


sin(a;) 

sinh(a;f) 


if K (5^ = G (0, TT^), 


ii K 5^ = —up' < 0, 


(9.12) 


(9.13) 


(9.14) 


sinh(a;) sinh(a;) 

observing that the comparison principle gives m((1 — t)ro + tri) > v(t) for every t G [0,1]. 
By introducing the factors 


:= <: 


< 

+ 00 

if 

K 

52 

IV 

to 

sin(a;f) 

if 

K, 


= 0)2 

sin(a;) 





t 

if 

K 

= 

0, 

sinh(a;f) 

if 

K 

52 

= —u 

sinh(a;) 






(9,15) 


the solution v of fl9.12p . thanks to fl9.13p and fl9.14p . can be expressed in the form 

v{t) = - ro)u{ro) + - ro)u{ri) 

and the following result holds (see for instance [331 Thm. 14.28]): 

Lemma 9.4 Let u G C([0,1]) nonnegative and k G M. Then u" + ku < d in 1) if 
and only if for every t G [0,1] and for every 0 < Tq < ri < 1 with npi — Tq)^ < one has 


m((1 -t)ro + tri) > ^\ri - ro) M(ro) + Pf\ri -ro)u{ri). 


(9.16) 
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In the same spirit of Lemma 19.21 where we proved that “weighted convex” functions 
are locally Lipschitz, next we show that functions satisfying the concavity condition (19.16p 
have the same regularity; this will allow to apply Lemma [9.41 

Lemma 9.5 Let 'D G M. be a Q-vector space with D ^ {0}. Let k G M and let u : 
[0,1] n2) —)■ M satisfy (19.161) for every vq, ri E [0,1] flS) with K{ri — ro)^ < and t E [0,1] 
such that (1 — t)rQ + triE'D. Then the following hold. 

(a) There exists £o = ^o(^) > 0 with the following property: if 

sup u{ne) < oo, (9-17) 

nGN,n<[ij 

for some e E (0, eo) H (D, then sup^gj,p|[o,i] 

(b) There exists Eq = £o(k.) > 0 with the following property: if 

sup \u{ne)\ < oo, (9.18) 

nEN,n< 

for some e E (0,eo) Ll 2), then sup^gj,p|[o,i] 

(c) If in addition u : [0,1] flS? —)■ M zs locally bounded then u is locally Lipschitz in (0,1), 
i.e. for every r G (0,1) fl 2? there exist e, C > 0 such that [r — £,r + e] C [0,1] and 

\u{x) — u{y)\ < C\x — y\ ^x, y E [r — e,r + e] (I'D. (9.19) 

Proof. For simplicity of notation we can assume Q C 2). 

(a) Assume by contradiction the existence of a sequence (s^) C (0,1) fl 2) such that 
u{sn) + 00 . Clearly there exists s E [0,1] such that, up to subsequences, —)> s; let us 
start by assuming s = 0, without loss of generality we can also assume that G [0, e:/4] for 
every n G N (^o will be chosen later just depending on k). Applying fl9.16p with r^ = s„, 
rt = £ and ri = 2£ we get 

- Sn) u{sn) + - Sn) u{2£), (9.20) 

where | as n —)■ oo. 

By a Taylor expansion at 0 of the function r -E *"^(r) it is easy to see that 

^a-tn)(2£ - Sn) = (1 - tn) + 0^{£q) > (9.21) 

provided = ^o(^) > 0 is chosen small enough. But then, observing that inf„crK"^(2£ — 
Sn) u{2£) > —oo, combining fl9.20p and fl9.2ip we get 

u{£) > -u{sn) + ajf"\2£ — Sn) u{2£) —)■ +00 as n —)■ + 00 , 
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contradicting fl9.17p . If instead Sn —t 1, applying fl9.16p with vq = 1 — 2e, rt = 1 — e and 
ri = Sn, with analogous arguments we get 

w(l — £) > — (1 — 26)) m(1 — 2e) + -u{sn) —t +CX 0 as n ^ +cxo, 

contradicting fl9.17p . Finally, if lim„s„ = s G (0,1) we can repeat the hrst argument with 
0 replaced by s thus reaching a contradiction. The proof of the hrst statement is then 
complete. 

(b) Let £o = ^o(^) > 0 be as above. Since by the hrst statement we already know that 
u is uniformly bounded above, here it is enough to prove a uniform bound from below. 
Applying fl9.16p to ro = ne and ri = {n + l)e for every n G N fl [0, [^J], we get that 

u{r) > u{ne) + u{{n + l)^) > —C sup \u{ne)\ > —oo , 

nGN,n<[ij 

for every r G [ne, {n + l)^] fl D, for some C > 0 independent of n. Applying the same 
argument to ro = [-Je, ri = 1 we also obtain a uniform lower bound on [[-J, 1] n 2) and 
the conclusion follows. 


(c) Since the statement is local and 2) is dense, we can assume with no loss of generality 
that u ■. [0,1] n 2) —M is bounded, that 0, 1 G 2) and that 09.16p holds for every rg, ri G 
[0,1] n 2) with K(ri — and t G [0,1] fl Q. First of all note that 09.16P is equivalent 

to the following control on distorted incremental ratios: for every tq, Ti G [0,1] fl 2), f G 
[0,1] n Q with K(ri — r^Y < it holds 

uYt) - - ro) M(ro) - tq) u{ri) - u{rt) 

_ 5 iy\y.ZZj 

n - ro ri - rt 

where r^ := (1 — t)ro + tvi G [0,1] fl 2). 

Given r G (0, 1) fl 2), e > 0 with £ < min{r, 1 — r} and < vr^, and x, y E 
2) n [r — £, r + e], X < I/, we want to use fl9.22p iteratively in order to estimate the diherence 
quotient \u{x) — u{y)\/\x — y\. We will prove that this is possible provided £ is sufficiently 

small. 

At hrst apply fl9.22p with ro = 0, ri = x, r* = r — e. Noting that 1 — t = < CrS, 

with a hrst order Taylor expansion at f = 1 of the explicit expression fl9.15p of 

one checks the existence of Cr > 0, Sr > 0 satisfying (with the above choice of t = t{x,r)) 


:(T. 


(l-i) 


x) 


< Cr for all X G [r — e,r + e], for every e G (0, Sr). 


l-t ^ 

Analogously, possibly enlarging Cr and reducing Sr we can also achieve 
1 


-1 


< Cr{x — (r — e)) for every e G (0, Sr). 


(9.23) 


(9.24) 
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for every e e (0, H 2). 


(9.25) 


The combination of fl9.22p . fl9.23l) and fl9.24l) gives 

u(r — e) + Cr\u{Q)\ u{x) — u{r — e) 

— 7 \ 

r — e X — [r — e) 

Observing that — (r — e)) — 1| < Crt{y — (r — e)), applying (I9.22p with tq = r — e, 

ri = y, Tt = X, yields 


u{x)-u{r-e) u{y)-u{x) 

/ \ “T ^ 

X — [r — e) y — X 


for every e G (0, O 2). 


(9.26) 


Putting together (I9.25p and (I9.26p we obtain the desired upper bound 


u{y) - u{x) ^ u{r - e) + Cr\u{0)\ ^ 
y — X ~ r — e ^ 

Along the same lines one gets also the lower bound 

u{y) - u{x) ^ u{r + e)-u{y) _ ^ ^ -C'^|u(l)| - u{r + e) _ 
y — X ~ {r + e) — y 1 — (r + e) ^ 

Since the last two estimates hold for every x,yET}n[r — e,r + e] with x ^ y, the proof 
is complete. □ 


9.2 Entropies and their regularizations 

Let (X, d,m) be a metric measure space as in Section [5.51 We consider continuous and 
convex entropy functions U : [0, oo) M with locally Lipschitz derivative in (0, cxo) and 
f/(0) = 0. We set 

P{r) := rU'{r) — U{r), Q(r) := r~^P{r) E oo), R{r) ■= rP'(r) — P(r). (9.27) 

The induced entropy functional is dehned by 

U{fi) := / 17(p) dm + 17'(oo)/!■'■ (X) if y = gm + (9.28) 

J X 

where f/'(oo) = linv_).oo f/'(r). Since U{0) =0 and the negative part of U grows at most 
linearly, U is well dehned and with values in (—oo, +oo] if y has bounded support, more 
general cases are discussed below. 

We say that P is regular if, for some constant a = a(P) > 0, one has 

P E C^([0, oo)), P(0) = 0, 0 < a < P'(r) < a"^ for every r > 0. (9.29) 

Notice that in this case Q, extended at 0 with the value P'(0), is continuous in [0, oo) and 
it satishes the analogous bounds 

a < Q{r) < a~^ for every r > 0. (9.30) 
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When P is regular, we still denote by P : M —?■ M its odd extension, namely P{—r) := —P{r) 
for every r > 0. 

Once a regular function P is assigned, a corresponding entropy function U can be 
determined up to a linear term by the formula 

U{r) = r [ dg, (9.31) 

Ji 

so that (I9.29P yields 

a|rlogr| < \U{r)\ < a~^|rlogr| for every r > 0. (9.32) 

Motivated by (19.311) . we call the entropies U satisfying P(l) = 0, normalized. Notice 
that P uniquely determines the normalized entropy U. Thus in the case of regular P, the 
asymptotic behaviour of U near r = 0 or r = oo is controlled by the one of the logarithmic 
entropy functional IXoo associated to Uoo, namely 


Uoo{r) := rlogr, P^{r) = r, Q^{r) = 1, Roc>{r) = 0. (9.33) 

In particular, using fl5.24p one can prove that U{fi) is always well dehned, with values in 
(—cxo,+cxo], if /i G ^ 2(^)5 see [5l §7,1]. The choice of the base point 1 in the integral 
formula (19.3ip provides, thanks to Jensen’s inequality, the lower bound lf(/i) > 0 whenever 
m G ^(X). In addition, we shall extensively use the lower semicontinuity of the entropy 
functionals fl9.28p w.r.t. convergence in see for instance |55j . 

Remark 9.6 (Regularized entropies) Let P G C^((0, cxo)) with P'(r) > 0 for every 
r > 0 and 0 = P(0) = limr^o-P(^)- H is easy to approximate P by regular functions: we 
set for 0 < £ < M < cxo 


Pe{r) := P{r + e) - P{e), P^ j^{r): = 
Notice that 


Pe{r) if 0 < r < M, 

Pe{M) + (r - M)P'{M) iir> M. 


(9.34) 

rP'{r) - P,(r) = R{r + e) - R{e) + e{P'{e) - P'{r + e)). (9.35) 

Besides fl9.33p . our main example is provided by the family depending on iV G (1, 00 ) 
PAr(r) := Nr{l - r“^/^), Pw(r’) = QNir) := 


RMr) = - 

together with the regularized functions P^^^ and PN,e,M as in fl9.34p . 
Notice that a simple computation provides: 


(9.36) 


Rn, sir) = -j^Pn, sir) + ^(^v,£(0) “ P^dr)) for every r G [0, cx)). 


(9.37) 
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so that the concavity and the monotonicity of PN,e give 

- ^PN,e{^) + (1 - > RnA^) > -^PN,e{r) for every r G [0, cx)). (9.38) 

The entropies corresponding to Un, according to fl9.28|) . will be denoted with IXat: 

U]\[{fi):=N — N dm if/i = pm +L m. (9.39) 

Jx 

In particular Ujv(ju) = Un^q) dm whenever fi = pm is absolutely continuous. 

9.3 The CD*{K^ N) condition and its characterization via weighted 
action convexity 

In this section we start by recalling what does it mean for a metric measure space to have 
“Ricci tensor bounded below by K G M and dimension bounded above by iV G (l,oo]”, 
this corresponds to the the so-called curvature dimension conditions CD(R', iV) or to the 
reduced curvature dimension conditions CD*(R', iV). First, let us recall the notion of 
CD(iF, CX)) space introduced independently by Lott-Villani [12] and Sturm [5l] (see also 
[55] for a comprehensive treatment). 

Definition 9.7 (CD(iF, cx)) condition) Let iF G M. We say that (X, d,m) satisfies the 
CD(iF, CX)) condition if for every /i* = p^m G D(Uoo) H * = 0, 1, there exists a 

W 2 -geodesic (/is)sg[o,i] connecting p-o to pi such that 

Roo(Ais) < (1 - ■s)lfoo(Aio) + slXoo(Aii) - Ys( 1 - s)IF 2 ^(po,hi) Vs G (0,1). (9.40) 

If morever fl9.40p is satisfied along any geodesic fig connecting po to pi, we say that 
(X, d,m) is a strong CD(X, cx)) space. 

It is well known that smooth Riemannian manifolds with Ricci curvature bounded 
below by K are CD(X, cx))-spaces; one reason of the geometric relevance of such spaces 
is that they form a class which is stable under measured Gromov-Hausdorff convergence 
(for proper spaces see |12], for normalized spaces with finite total volume, see [SI], for the 
general case without any finiteness or local compactness assumption see [35]b 

In strong CD(JF, cx)) spaces (X, d, m), quite stronger metric properties have been proved 
in [IH]; we list them in the next proposition. 

Proposition 9.8 (Properties of strong CD(JF, cx)) spaces) Let (X, d, m) be a strong 
CD(X, CX)) space and let po = potn, pi = pim G .^“'^(X, m) fl 0^2{X). Then: 

[RSI] There exists only one optimal geodesic plan tt G GeoOpt(po, pi) (and thus only one 
geodesic connecting po, piyl; 
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[RS2] 77 is concentrated on a set of nonbranching geodesics and it is induced by a map; 

[RS3] all the interpolated measures fig = absolutely continuous w.r.t. m; if 

moreover /Uo,/ii G D('Uoo), then pig have uniformly bounded logarithmic entropies 
Roo (/^s) ■ 

[RS4] if go, Qi are m-essentially bounded and have bounded supports, then the interpolated 
measures fig = = (es)[j7r have uniformly bounded densities. More precisely the 

following estimate holds: 

^ '^^^max{||^o||L°°(X,m), ||^l||L°°(X,m)}, (9.41) 

where D ;= diam(supp Qq U supp pi) and K~ := max{0, —K}. 

As bibliographical remark let us mention also [3T] about existence of optimal maps in 
non branching spaces; also note that [RS4] is well known |SSl Thm. 30.32, (30.51)], [HI §3] 
as soon as the branching phenomenon is ruled out. Remarkably, this property holds even 
without the non-branching assumption [46] . 

Remark 9.9 Notice also the following general fact, holding regardless of curvature as¬ 
sumptions: if po, /Ui G have bounded support, then there exists a bounded subset 

E oi X containing all the images of the geodesics from a point of supp po to a point 
of supp/ii; in particular we have that supp[(es)[j7r] C E for every s G [0,1] and every 
77 G GeoOpt(/io,Pi). 

Lemma 9.10 {X, d, m) is a strong 00(1^, cx)) space if and only if every couple of measures 
Po, /ii G D{Vioo) n j 3^2{X) with bounded support can be connected by a W 2 -geodesic and 
fl9.40p is satisfied along any geodesic connecting po to pi. 

Proof Let ns hrst prove that every couple po, /ii G D(Uoo) H can be connected 

by a lL 2 -geodesic. For x E X hxed and N sufficiently big, we can dehne the measures 
Ff •= -kPi^^Nix) G ^2{X). 

By choosing a constant C > B (recall fl5.24p L we can introduce the normalized proba¬ 
bility measure rri G 

m :=with z := [ dm(x), 

z Jx 

and the corresponding relative entropy functional Roo, satisfying the identity 

Uoo{p) = Uoo{p) - c f d^(a:,x) d/i - logz. (9.42) 

Jx 

Let US denote by Qi, gf the densities of fii, pif w.r.t. rh. From cat t 1 R is easy to check 
that W 2 (/af,/j,i) -E 0 and |]pf^ — 0 as N f oo. Since gf^ < cf/^gi, the uniform 

bound 

-e“^ < pf log(pf) < g^(log gi - log cat) < CArPi(logft)+ “ CArlogCArft 
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and the fact that m(X) is finite yields Uoo(iuf) Uoo(jUi) as N "I oo and therefore, by 
(|9.42P ' 'Uoo(Aif^) hloo(/ij) as iV —)■ oo. 

Since /if^ have bounded support we can find a hh 2 -geodesic connecting them 

and satisfying the corresponding uniform bound 

ffoo(/if) < (l-s)lfoo(/U^) + slfoo(/if)-ys(l-s)hh 2 ^(/i^,/uf) Vs e (0,1), (9.43) 

which in particular shows that ILao(iuf) < S' < oo for every s G [0,1] and N sufficiently big. 
Since the sublevels of IXoo are relatively compact in ^(X) and the curves [0,1] 9 s ju^ 
are equi-Lipschitz with respect to W 2 , we can extract (see e.g. [3l Prop. 3.3.1]) an increasing 
subsequence h 1 —)■ N{h) and a limit geodesic (/is)sg[o,i] such that —)■ fig weakly in 

^{X) as h —)■ 00. In particular (yU,s)sG[o,i] is a geodesic connecting /iq to /ii. 

Let us now prove that (I9.40p holds along any geodesic connecting /xo, /ii G D(Uoo) Pi 
^ 2 (^)- Let jUg = (eg))j7r be a geodesic induced by tt G GeoOpt(yU.o,/ii); we consider 

rn:={7eC°(l0,T];X): 7([0,1]) C ^^(x)} , := 7r(r^), ;= IttlPk 

cr 

and /if := (es)tj7r'^; since G GeoOpt(/if, /if ), (/if)<ie[o,i] is a geodesic and the measures 
/if have bounded support in Br{x). Thus for every i? > 0 one has that /if,/if,/if 
satisfy fl9.40p : arguing as in the previous step, we can pass to the limit as i? —)■ 00 using 
the facts that W 2 {fif,fig) -7- 0 for every s G [0,1], lXoo(/if) -7- UooijUi) if i = 0, 1, and 
hminfH-j.ooLtoo(/wf) > ffooi/J's) and we obtain the corresponding inequality for /io,/is,/ii. 

□ 

Next, let us recall the definition of reduced curvature dimension condition GD*(iV, A^) 
introduced by Bacher-Sturm pH] . 

Definition 9.11 (GD*(iV, A^) condition) We say that (X, d,m) satisfies the CD*{K, N) 
condition, N G [1, oo), if for every fj,i = G .^“(X, m), i = 0,1, with bounded support 
there exists tt G GeoOpt(/io,/ii) such that 

UMiiis) <M-mJ (a^^J^\d{7o,7i))go{7o)~^^^ + 7i))^i(7i)"^''^) d7r(7) 

(9.44) 

for every s G [0,1] and M > N, where fig = (es)o7r, the coefficients a are defined in f|9.15p 
and Um is defined in 09.391) . 

If moreover 09.44p is satisfied along any tt G GeoOpt(/io,/ii), we say that (X, d,m) 
satisfies the strong GD*(X, X) condition. 

Remark 9.12 Definition 19.111 coincides with the original definition of GD*(X, X) spaces 
given in HD]. Note that the additional terms in the right hand side of 09.441) are due to 
our definition of entropy as lXM(f?iTi) := M g(l — g~M) dm = M — M dm, while 

the one adopted in [lO] was — g^~^ dm (for absolutely continuous measures). This 
convention will be convenient in our work in order to use regularized entropies and analyze 
the corresponding non linear diffusion semigroups. 
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It can be proved that a strong CD*(it', A^)-space is also a strong CD{K, oo) space, and 
thus properties [RSl-4] hold, see Lemma 19. 13l below. whose proof included for completeness 
follows the lines of [52l Prop. 1.6]. Conversely, any CD*(iC, iV) space satisfying [RSl-4] is 
clearly strong. Therefore a CD*(iC, iV) space is strong if and only if [RSl-4] hold. 

Lemma 9.13 If (X, d,m) satisfies the (strong) CD*{K,N) condition for some iC G M, 
N G [l,cxo), then (X, d,m) is a (strong) CD(X, cxo) space. 

Proof By Lemma [9.101 it is sufficient to prove fl9.40p along every hL 2 -geodesic (/is)se[o,i] 
induced by tt G GeoOpt(/io,/^i) with supported in a bounded set and /i* G D{Uoo), 
i = 0, 1. 

Let us first notice that for every r > 0 

lim UN(r) = Uoo(r), X Gat( r) is increasing for all r G (0, oo) 

V->-oo 

If fig = since is supported in a bounded set with hnite m-measure, it is then not 
difficult to prove that 


lim 'U7v(hs) = hIoo(/^s) for every s G [0,1]. 


N^OO 


(9.45) 


The second important property concerns the coefficients ali\6): if X > 0 




_ssm{y/K/M5) — sm(^^ K/Ms5) 5"^ 


(K/M) sm{^yK/M6) 


= —K(s^ -s)+ o(l) (9.46) 
6 


as M f oo, and a similar property holds when X < 0. 
We thus get 


UMiPs) — (1 — s)UM{iao) — sliMipi) 

j (^{s - aj^J^(d(7o,7i)))p^^/^(7i) + (l - s - cTjJ"^^(d(7o, 71 ))) Pg ^^^( 70 )) d7r(7) 

and passing to the limit as M 'p 00 by applying fl9.45p and fl9.46p we obtain 

X f 

Roo(x) - (1 - s)Uoo{po) + sRoo(/ii) < “ / *^^( 70 ,7i) d7r(7) 

X 

= - s)lR|(/io,x). 


□ 


Let us also introduce a more general class of natural entropy functionals, used for 
instance in Lott-Villani’s approach of CD spaces |l2l [55] (compared to [55], we add a few 
more regularity properties on P). They will play a crucial role in the next chapters. 
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Definition 9.14 ( |55|, Def. 17.1]) Let U : [0, cxo) M. be a continuous and convex en¬ 
tropy function, with ?7(0) = 0 and U' locally Lipschitz in (0, cxo). We say that U belongs to 
McCann’s class DC(iV), N G [1, cxo], if the corresponding pressure function P = rU’ — U 
satisfies -P(O) = 11111 ^ 4 . 0 = 0 and r t—)■ rN~^P(^r) is nondecreasing, i.e. 

R{r) = rP'{r) — P{r) > — — P{r) for JC^-a.e. r > 0. (9.47) 

We say that U is regular and write U G DCreg{N) if, in addition, U is normalized and P 
is regular according to fl9.29p . 

If P is regular, we can also write P G DC(A^) (resp. P G DCreg(iV)) if the corre¬ 
sponding normalized entropy U belongs to DC(iV) (resp. DCre 3 (.^))- Directly from the 
convexity inequality 0 = t/(0) > U{r)—rU'{r), it is immediate to see that P is nonnegative. 
Moreover, the function V : (0, 00 ) —)■ M"*" defined by 

V{r) := r^U{r~^) is convex and nonincreasing. (9.48) 

The last condition is actually equivalent to U E DC(iV). 

Before stating the next result, we introduce a family of weighted energy functionals 
taylored to a pressure function P as in § 19.21 if Q{r) := P{r)/r, we consider the weight 
£ld')(^s,r) := g{s,t)Q{r), where g is the Green function defined in fl9.ip . 

We adopt the notation of Section [ 6 l If /i G AC^([0,1]; W 2 )) with ft = prh <C m 

and V is its minimal 2-velocity density, we set 

Aq (/i;m) ;= AQ(t)(/i;m) = / g{s,t)Q{g{x, s))v^{x, s) dfi{x, s). (9.49) 

Jx 

In the following theorem we relate the CD* [K, N) condition, defined in terms of the dis¬ 
tortion coefficients okin-, to a modulus of convexity along Wasserstein geodesics of the 
entropies induced by maps IJ G DC(iV), very much like in the case iV = cx). The main 
difference is that the modulus of convexity is not the squared Wasserstein distance, but 
the action AQ^(p;m) of fl9.49p . 

Theorem 9.15 Let us assume that [RSl-4] hold. The following properties are eguivalent: 

[GDI] (X, d,m) is a strong CD*{K,N) space, for some K eR and N E [l,oo). 

[CD2] For every po = hi = ^ m) with densities Qi m-essentially bounded 

with bounded support, the geodesic connecting po to pi satisfies (with 

Qxir) = as in fl9.36lD 

liv(hi) < (1 -t)lXjv(/xo) +tlXjv(hi) - for every t E [0,1]. (9.50) 

[CDS] For every po = hi = ^?ll^ ^ m) fl A^ 2 {X), the geodesic (hi)iG[o,i] con¬ 

necting po to /ii satisfies fl9.50l) . 
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[CD4] For every /io = /ii = Qixn G m) fl ^ 2 (X) and every U E DC{N), the 

geodesic (yU.t)tg[o,i] connecting hq to /ii satisfies 

'U(yU.t) < (1 — t)'U(/io) + m) for every t E [0,1]. (9.51) 

[CD5] For every yU-o, jai E m) fl ^ 2 (X) and every regular U E DCreg(X) the 

geodesic {fit)te[o,i] connecting hq to /ii satisfies fl9.5ip . 


Remark 9.16 If in Theorem \9.1f^ in all the items [CD3],[CD4],[CD5], the measures fio, fii 
are assumed to be with bounded support, then the eguivalence with [CD1],[CD5] holds with 
the same proof. Since in the last part of the paper we will work with measures which may 
not have bounded support, it will be useful to have the stated form with the extension of 
[CD3],[CD4],[CD5] to measures in 


Proof The implications [CD4] ^ [CD3] ^ [CD2] and [CD4] ^ [CD5] are trivial. 

We will prove [GDI] ^ [CD2] ^ [CD3] ^ [CD4] ^ [GDI] and [GD5] ^ [GD2]. 

[GDI] ^ [GD2]. Let po = pi = Pitn G m) with densities Pi m-essentially 

bounded with bounded support. By [RSl-4] there exists a unique geodesic /ij = (et)tt7r 
connecting po to pi, it is made of absolutely continuous measures with bounded densities 
and it is given by optimal maps: pttn = pt = Since tt is concentrated on non¬ 

branching geodesics, we can apply [101 Proposition 2.8 (iii)] to infer that for every t G (0,1) 
there exists a Borel subset Et C supp po with /io(X \ Et) = 0 such that 

M^) > (d(a:,Ti(x)))()o(a:)+ cr5J/^(d(a:,Ti(a;)))()i(a;), Wx E Et, (9.52) 

where c)t(x) := o Tt){x). Moreover, by [171 Theorem 1.2], the convexity property 

fl9.44p holds for all intermediate times (note that in this case one could argue directly by 
knowing that the hP 2 -geodesic is unique). It follows that, for any fixed countable Q- vector 
space D C M, there exists a Borel subset E^ C supp po with /io(X \ E^q) = 0 such that for 
every x G E^, every r^, ri E [0,1] fl 21 and t E [0,1] fl Q it holds 

3rt(a:) > aj^))J^(d(T^o(a;),T^,(x)))D^o(x) + a®^(d(T^o(x),T^,(a;))) c)^,(a;), (9.53) 

where rt := (1 — t)rQ + tri. For the moment simply choose 2) = Q and, hxed some n G N, 
dehne 

5 ;= {m/n : m G N,m < n}. 

By Lemma [9.181 below we have that the map ^ E r 5^(3^) is uniformly bounded in [0,1] 
for every x E E, where E C E^i satisfies p.o{E) = 1. Observe also that d(Trp(a;), Tr^(a;)) = 
(ri— ro)d(a;, Tfix)) is uniformly bounded since we are assuming /i* to have bounded support, 
i = 0, 1. Ghoosing n G N large enough in the dehnition of 1^, by Lemma I9.5f bl we infer 
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that the map Q G r ^^( 2 :) is uniformly bounded for every x ^ E. But then part (c) of 
Lemma 19751 applied to the function [0,1] fl Q 9 r t-4 0 ^( 0 :) G M"*" gives that such a map is 
locally Lipschitz, so it admits a unique continuous extension [0,1] 3 f 1 —)■ dt{x) G 
Observing now that 

(^ijN\^iTr,{x),Tr^{x))) = crS^7^^((ri - ro)d(x,Ti(a;))) = c^|7(tTi(x))2(^i “ ^ 0 ), 
Lemma [9.41 implies that the continuous map 11 -3- ht(x) satishes the differential inequality 
d^ - K 

—h 4 (x) < ——d‘^{x,Ti{x)) dt{x) in ^'{0, 1), for every x e E. (9.54) 

But then, Lemma [9.11 gives 

hs(x)d^(a:, Ti{x)) g(s, t) ds Vf G [0,1], Vx G E. 

(9.55) 

We now claim that for every t G [0,1] it holds dt = f>t /Uo-a.e. If it is not the case then 
there exists i G [0, 1] and a subset Fj C supp po with fio{Ei) > 0 such that 


^t{x) > (1 - t)do{x) + tdi{x) + ^ 


diix) ^ di{x) = lim ht„(a:) Vx G Fp G Q O [0,1] with 4 t. (9.56) 

n—)-oo 


But choosing S) = {qi + q 2 t : qi,q 2 ^ Q}, we get that there exists a subset F^ C supppo 
with fio{X \ E'^) = 0 such that the inequality fl9.53p holds for every x G F^; therefore, 
repeating the arguments above. Lemma 19751 yields that the function [0, IjflS 3 r 1 —)■ dr(x) G 
is locally Lipschitz for every x G F^. This is in contradiction with the discontinuity 
fl9.56p at f, since /io(-^t) > 0 and /Uo(X \ E^) = 0. 

Integrating now fl9.55p in d/io(a^), since by construction ^q{X \ E) = 0 and dt = dt 
Po-a.e, we get fl9.50p . Indeed 


dt d/io = / dtdqio= I Qt dpo = J qI dm = 1 - ^lljv(/it); 


N 


and 


hs(x)d^(x,Ti(x))d/io(x) 


0 Ux 


g{s,t)ds = 


'0 Ux 

fu 

>0 Ux 


dsix)d^{x,Ti{x))dqio{x) g{s,t)ds 
gs ^ (x) v‘^{x)dfis{x) g{s, t)ds 


= / g(s,t)QAr(p(x, s))n^(x)d/i(x, s) 

Jx 

= .Agp^m), (9.57) 


where we used the fact that, since the plan tt G GeoOpt(/io, A^i) is concentrated on con¬ 
stant speed geodesics and recalling fl6.12l) . the minimal 2-velocity v is constant in time and 
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given by v{x) = di{x,Ti{x)). In particular, fl9.57p implies that whenever yiQ^^(/i;m) is finite 
then the function s hs(a;)d^(a;,Ti(a;))g(s,t) is integrable, and therefore s i—)■ 9s(x) G 
Aoc((0) 1))> for /io-a.e. X eX. 

[CD2] ^ [CDS]. Let us start by assuming that po = ^?om, /ii = Pivn, fttn = fit = 
(Tt)jj/io = are as in the above implication, i.e. pj, z = 0,1, are m-essentially bounded 

with bounded support, so that by hypothesis we know that fit satishes fl9.50p . For any Borel 
subset A C supppo with fio{A) > 0, consider the localized and normalized measure fi^ := 
fiQi-A = fJ^o and its push forwards fif := (Tt)^fiQ. By cyclical monotonicity of 

the measure-theoretic support, it is well known that {xa o eo)7r G GeoOpt(/iQ ,/rf) so 
that fif is the lF 2 -geodesic from fi^ to fif with essentially bounded densities gf satisfying 
gf o Tt = XAQt ° Tt- Applying fl9.49p and (19.501) to the geodesic fif gives the localized 
convexity inequality 


f ^tdfio> {1 -t) [ dodfiQ + t [ didfio + ^ [ [ :)s{x)d‘^{x,Ti{x)) g{s,t) ds dfio{x), 

JA JA JA JaJo 

for every t G [0,1], where dt{x) := {gt oTt){x) as before. The arbitrariness of the Borel 
set A implies that for all f G [0,1] one has 

K 

^t{x) > {I — t)do{x) + tdi{x) + — / Ds(a;)d^(a;, Ti(x)) g(s, f) ds, for po-a.e. x. (9.58) 

N Jo 

Now let instead fit = gtm G m) fl J^ 2 iX), i = 0,1, and gtvn = fit = iTt)\ifio = 

(et)tj7r be the unique lF 2 -geodesic joining them. Consider the approximating geodesic 
fJl = pj m given by Lemma 19.171 below. Since pf are m-essentially bounded with bounded 
support, fl9.58p holds for fi^ by assumption. It follows that there exists E^^t C supp fi^ C 
supp fiQ with fiQ^X \ Ek^t) = 0 such that 

9^ (x) > (1 - t)ho(^) + ^ ^ Ti(x)) g(s, t) ds, (9.59) 

for every x G Ek^f, where h^(x) = (p^ o Tt)“^/^(x). Without loss of generality we may 
also assume E^^t C > 0}. Dehning Et := using Lemma r9.17f 4j. we get 

that Et C supp/io and fio{X \ Et) = 0. Moreover, observe that (I9.59p is still true for the 
renormalized measures c^p^, since the constants just simplify from both sides thanks to 
the homogeneity of the entropy. But then. Lemma I9.17r 3j implies that for po-a.e. x ^ E 
one has dt{x) = dt{x), provided k is large enough. Passing to the limit for /c —)■ cxo, we 
conclude that (19.581) holds and the thesis follows by integration in duo(a;) as in the impli¬ 
cation [CDl] ^ [CD2]. 


[CDS] ^ [CD4] Let fit = p^m G m) D ^ 2 {X)^ i = 0,1, and ptm = fit = 

(Tt)jj/io = (et)(t7r be the unique lF 2 -geodesic joining them. Observing that the restriction 
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to a subinterval [ro,ri] C [0,1] of a geodesic is still a geodesic, the localization argument 
of the implication [CD2] ^ [CDS] ensures that for every ro,ri,t G [0,1] one has 

> {I-t)droix)+tdr^{x) +—{ri - roY / ()^^(x)d^(x,Ti(a:))g(s,t)ds /iQ-a.e. x, 

(9.60) 

where := (1 — f)ro + tri as before. Note hrst of all that if = 0 the proof is simpler 
since the non-linear term in all the convexity inequalities just disappear. If 7 ^ 0 we hrst 
claim that for po-a.e. x E X the function s 1 —)■ belongs to ^L((0,1))- By Lemma 

19.181 we know that for po-a.e. a: G X it holds ho (2^), 1/2(3^), 1(2:) G (0, 00). Specializing 
fl9.60p to ro = 0, ri = 1, t = 1/2 we get 


Kd‘^{x,Ti{x)) f ^ ^ , 1 

shs(a;)ds-|- / (1 — s)hs(a;) ds | < hi/ 2 (a^) < C) 0 , po-a.e. x. 

] Jl/2 


2N 


In particular, if X > 0, we get that s i-G- hs(2:) belongs to L)^^((0,1)) for po-a.e. x. Also, 
if X < 0, we may assume that yiQ^^(/i;m.) < 00 otherwise the thesis of [CD4] trivializes, 
and then by fl9.57|) we get that s i-)- hs(a;) ^ Ljodi^i !))■ From fl9.60p it follows that for 
any hxed countable Q-vector space 2) C M, there exists a Borel subset C supp po 
with /io(X \ E^) = 0 such that 09.601) holds for every x G Xj), every ro,ri G [0,1] Pi 2) 
and t G [0,1] D Q. Since s 1 —)■ hs(a;) in an element of 1)) for po-a.e. x, choosing 

simply 2) = Q, for every hxed x E E := Eq, we can apply Lemma 19.21 to the function 
[0,1] n Q 3 r t-G- hr( 3 ^) £ and infer that such a map is locally Lipschitz; thus it admits 
a unique continuous extension [0,1] 3 t i-G- dt{x) E satisfying 09.55p . Lemma HH] gives 
then 

d^ - K 

-rT^t(x) < -d^(a:, Ti(a;)) hhx) in ^'(0,1), for every x E E . (9.61) 

dE N 

Given now U E DC(X), recalling (I9.48p and taking 09.6ip into account, we get the following 
chain of inequalities in distributional sense 

j + V(i.,W) ^5,(1) 

X - 

> —— hi(a:) d^(x, Ti(x)) X'(hf(x)) in ^'(0,1), for every x E E. 
Applying again Lemma 19711 this time with u{t) := l/(ht(x)), we obtain 

l^(^t(2:)) < (1 -t)X(ho(x)) -Ftl/(hi(a:)) + ^ j ^s{x) di^{x,Ti{x)) l/'(hs(x)) g(s, t) ds, 

(9.62) 

for every x E E. With the same argument as in the proof of [GDI] ^ [CD2], we have 
that for every t E [0,1] it holds h 4 (x) = ht(x) = (ft o Tt){x) for po-a.e. x. The 
desired inequality (19.5 ip follows then by integrating (19.621) in dfio{x), since by construction 
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fio{X \E) = 0. Indeed, recalling that o Tt{x)) = we have 


f V{dt)dfio = j V{dt)dfio= j d/io = f d((Tt)j/io) 

J E J X J X Qt ° Tt Jx Qt 

= [ d{gtm) = [ U(gt) dm = U{nt) ■ 

Jx Qt Jx 

For the action term in fl9.5ip observe that, since the plan tt G GeoOpt(/i0) hi) is concen¬ 
trated on constant speed geodesics and recalling fl6.12p . the minimal 2-velocity v is constant 
in time and given by v{x) = d(x,Ti(a:)). Therefore, noting that Q{r) = 
for =Sf^-a.e. r G (0,1), we obtain 


K 

N 




IE Uo 
= K 


ds{x) d'^{x,Ti{x)) V'{ds{x)) g{s,t) ds 

rl r r 1 


I v‘^{x)—'0six)V'{<)s{x))dno{x) 


“1 r 


= -K 


v‘^{x)Q{gs{x)) d^six) 


lx 


dfioix) 
g{s,t) ds 
g(s, t) ds = —m). 


[CD4] ^ [GDI], Let po = hi = ^?l^ ^ m) with densities ft having 

bounded support, so in particular /Xj G ^ 2 (X). By [RSl-4] there exists a unique hF 2 - 
geodesic /x^ = (et){j7r from /xq to pi, it is made of absolutely continuous measures and it is 
given by optimal maps: ftm = jjtt = (Ti)(j/xo. Ghoosing U = Gat, we get that jjtt satishes 
fl9.50p by assumption. Localizing in space and time as above, we obtain (19.601) . namely 


K r 

^rt{x) > {I - t)T>ro{x) + tX)i{x) +—{n - rof j (x)d^(x, Ti(x) ) g(s, f) ds /xo-a.e. x. 


It follows that, for any hxed countable Q-vector space (D C M, there exists a Borel subset 
Ex) C supp/xo with /xo(X \ E^i) = 0 such that (19.601) holds for every x G E^i, every 
ro,ri G [0,1] G D and t G [0,1] G Q. Since by assumption /xq and /xi are bounded with 
bounded supports, it follows that A^Q^{fi]m) is hnite; thus, from (19.571) . we get that the 
map s I—)■ 0s(x) is an element of L)q^(( 0, 1)) for /xo-a.e. x E X. Therefore choosing (D = Q, 
for every hxed x E E := Eq, we can apply Lemma 19)^ to the function [0,1] G Q 3 r i—)■ 
f)r(ai) G M"*" and infer that such a map is locally Lipschitz, so it admits a unique continuous 
extension [0,1] 3 f i—)■ dt{x) E satisfying fl9.55p . Lemma l9T] gives then fl9.54p and 
Lemma 19.41 yields 

^t{x) > a‘'^J^\d{x,Ti{x))) do{x) + (T^/^(d(a;, Ti(a;))) hi(a;), Vx G .E, Vt G Q G [0,1]. (9.63) 


Arguing as in the implication [GDI] ^ [GD2], we get that for every t E [0,1] one has 
dt = dt, jUQ-a.e. in X. Integrating fl9.63p in d/xo(x) gives fl9.44p for Utv; since for every 
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M > N one has Um £ DC(A^), the argument for any other M > N is completely analo¬ 
gous: just replace N with M in the formulas above. 


[CDS] ^ [CD2]. Let /ij = pitn G m) with p* m-essentially bounded having 

bounded supports, i = 0,1, and gtxn = fit = iTt)^fio = (et)tt7r be the unique H^-geodesic 
joining them. Under our working assumptions we have that pt, t G [0,1], are uniformly m- 
essentially bounded with uniformly bounded supports. Given the iV-dimensional entropy 
f/(r) := Nr{l — with associated pressure P(r) := ^ for every /c G N call Pk 

the regularized pressure Pk := Pi/k,k where Pi/k,k was defined in (19.341) . Called Uk the 
regularized and normalized entropy associated to Pk as in (19.311) . observe that 

Pk ^ P and Uk ^ U uniformly on [0, R] for every R G M'*'. (9.64) 

Since Uk G DCreg{N), by assumption for every k eN we have 


Uk{gt) dm < (1-t)/ Uk{go)dm + t 


Uk{gi)dm 


f supp 


^supp ^0 

r r 


f supp (II 


-K 


Pk{gs)d‘^{x,Ti{x)) dm(a:) 


0 L*/ supp/is 


g{s,t)ds, (9.65) 


where we used that Q{r) = P{r)/r by definition. Recalling that gt are uniformly m- 
essentially bounded with uniformly bounded supports, we infer that tri (IJ^ supp(/i/)) < 
oo and the uniform convergence 09.641) allows to pass to the limit in 09.651) . obtaining 

disni). □ 


Lemma 9.17 Let (X, d,rri) be a strong CD(X, cxo) space, so that [RSl-4] hold. Consider 
fii = pitri G .^“'^(X, m) n 0^2{X), i = 0,1, and let tt G GeoOpt(/io,/ ti) be the plan 
representing the W 2 -geodesic gtm = fit = (e/)tt7r = (Tt)jj(/io) from fio to fii. 

Then there exist seguences of measures /ig = G .^^“'^(X, m) and constants Ck f 1 
such that the curve g^m ;= fi^ := (Tt)jj(pQ) is the W 2 -geodesic from fi^ to fi\ and it satisfies 
the following: 

(1) g\ are m-essentially bounded and with bounded support, i = 0, 1; 

(2) Ck gt < gt m-a.e.in X for every t G [0,1]; 

(3) for every t G [0,1] it holds CkPt{x) = pt{x) for m-a.e. x E X, for k large enough 
possibly depending on x; 

(4) Po = C^^CTkPo with ak t 1; Aio-o-C- on X. 

Proof Fix a base point x E supp /ig, call Bk := Bk{x) the ball of center x and radius k eN. 
For every k E N consider first the densities Pg := Xb^ niinj/::, pg} and the push forward 
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measures := (Ti)(|(^Qra). Since clearly and Qq = qq on {x E Bk : ^ 0 ( 2 ^) < k}, 

and since by assumption Ti is /iQ-essentially injective, we have 

:= fl’l < Pi and g’l = Qi on Ti{{x G Bj. : go{x) < k}). (9.66) 

Consider now := xb^ niin{fc, Using again the po-essential injectivity of Ti and 
observing that g\ < g\ < Pi, we can dehne pg := (TU^)tt(Pitn). By construction we have 

Pgm := po < pgm < po and Pg = go on T{^{Ti[Bk fl {max{pg, g\] < A;})); (9.67) 

in particular we have that g^ < k and supp g^ C B^, i = 0,1. Moreover, for m-a.e. x we 
have Po(x) = go{x) for k large enough (possibly depending on x). 

Setting Cfc := Pq(X), pg := c^^Pg and fi’l := {Tt)^{^o) we get the thesis. □ 

Lemma 9.18 Let po G and let T : supp po -E X be a Ho-essentially injective map 

such that pim := pi := Tj(po) G J^^‘^{X,xn). Then 

Po({x G supppo : pi(T(x)) = 0}) = 0. (9.68) 

In particular, given pit = ftnr = (Ti)[j(po) a W 2 -geodesic as in [RSl-3], for any finite subset 
5 C [0,1] we have 

Po({x G supp Po : min Pr(7"r(a:)) > 0}) = 1. (9.69) 

Proof Let us consider the set A ■= {x E supp po : pi(T(x)) = 0}. Since by assumption 
Pi = T[((po) and T is po-essentially injective, we have that T is pi-a.e. invertible and 
Po = (T“^)[j(pi). It follows that 

Po(7l) = fio{T-\T{A))) = pi(T(7l)) = [ pi dm = 0, 

Jt(A) 

since, by definition of A, we have pi = 0 on T{A). This proves the hrst statement. 

The second one is an easy consequence of the finiteness of indeed, called 

Ar := {x G supppo : gr{Tr{x)) = 0}, 

by the first part of the lemma we have that po(^r) = 0 for every r E Denoted with 
Cn '■= \ X E supp Po : gATrix)) > — for every r G I , 

I n ) 

using the finiteness of ^ we have 


lJa = X\lj7l,. 

nSN reS 

We conclude that UneN po-measure and the proof is complete. □ 
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9.4 RCD(i^, oo) spaces and a criterium for CD*(K, N) via EVI 

Let us first recall the definition of RCD(7L, cx)) spaces, introduced and characterized in [6] 
(see also [2] for the present simplihed axiomatization and extension to a-finite measures); 
in the statements involving the so-called evolution variational inequalities, characterized 
by differential inequalities involving the squared distance, the entropy and suitable action 
functionals, we will use the notation 


d+ 

dt 


C(t) := limsup 
HO 


({t + h) — ((t) 
h 


(9.70) 


for the upper right Dini derivative. 


Definition 9.19 (RCD(iL, oo) metric measure spaces) A metric measure space 
is an RCD(/L, oo) space if it satisfies one of the following equivalent conditions: 

(RCDl) (X, d,m) satisfies the CD(iL, oo) condition and the Cheeger energy is quadratic. 

(RCD2) For every p G D{Uoo) H there exists a curve pit = Hi/i, t >0, such that 

f C) + Uoo(^) < 'Uco(;^) - (^i, C) for every ^ > 0 , re D(U^). 

(9,71) 


Among the important consequences of the above property, we recall that: 

1. RCD(iL, cx) spaces are strong CD(iL, x) spaces and thus satisfy properties [RSl-4]. 

2. The map (Ht) t>o is uniquely characterized by fl9.7ip . it is a iL-contraction in 
and it coincides with the heat flow Pt, i.e. 

Ht(pm) = (Ptp)m for every pm G D(Roo) H iiP2{X). (9.72) 

3. Lipschitz functions essentially coincide with functions / G V with |D/|„, G L°°{X, m), 
more precisely (recall that, according to fl3.ip . Voo stands for V fi L°°{X,m)): 

every / G Voo with |D/|^u < 1 m-a.e. in X admits a 1-Lipschitz representative. 

(9.73) 

4. The Cheeger energy satishes the Bakry-Emery BE(JL, x) condition: we will discuss 
this aspect in the next Section [TOl 

We will show that a similar characterization holds for strong CD*{K, N) spaces. 

In order to deal with a general class of entropy functionals U with entropy density 
satisfying the McCann condition DC(iV) and arbitrary curvature bounds K G M, for every 


84 







/i G AC^([0,1]; W 2 )) with C m for =Sf^-a.e. s G (0,1) we consider the weighted 

action functional associated to n(s,r) = a;(s)Q(r) as in fl7.4p . with ci;(s) := 1 — s: 

Aaifi] ra) := A^Q{fi-,m) = / (1 - s)(5(^(x, s))n^(a:, s) d/i(x, s). (9.74) 

Jx 

If (X, d, m) is a strong 00(7^, 00 ) space then for every /iq, pi G m) we can also set 

AujQ^fiQ, := AjjQ{^;m), with /i the unique geodesic connecting /tq to /ii. (9.75) 

Since a;(l — s) + Ci;(s) = 1, we obtain the useful identity 

A.Q(/io,/ni;m) = A^q(po, hi; nx) + A^Q(/ii, Po; m). (9.76) 

We will need the following Lemma, proved in the case of the logarithmic entropy in [21 
Thm. 3.6]. The proof is analogous for regular entropies f/", since their second derivative 
U" still diverges like z~^. 

Lemma 9.20 Let U G DCreg{N) and /et p G V fl L°°(X, m) be satisfying 

[ QU"{gYT{g) dm < 00 . 

Jx 

Then U'{g) G and 



^giU'{g),^p) pm 


[ r(P(p),¥.) 

Jx 


V(p G V. 


Theorem 9.21 Let (X, d,m) he a strong CD*(iL, iV) space and let us suppose that the 
Cheeger energy Ch is guadratic as in (I5.29p . Let U G DCreg{N), P, Q as in (I9.27p . A : = 
infr>o KQ{r) and let {St)t>o be the flow defined by Theorem \3.4\ 

Then St induces a K-contraction in W 2 ) and for every p, = pm G D(U) n ^ 2 (^) 

the curve pt '■= (Stp)m satisfies 

v) + ^(ht) < - KAciipt, z/; m) for every v G P(ll) fl ^ 2 (-A), t> 0. 

(9.77) 

Proof The proof of fl9.77p follows the lines of [2] (where the case 11 = IXoo was considered), 
which extends to the a-hnite case the analogous result proved with hnite reference measures 
m in [6]. All technical difficulties are due to the fact that m is potentially unbounded, the 
proof being much more direct for hnite measures m. 

Specihcally, hrst the proof is reduced to the case of measures p = pm and z/ with 
p G L°°{X,m) and u with bounded support. First of all, notice that the combination of 
Theorem 13.41 and Theorem 18.21 ensures that the curve t pt is H^-absolutely continuous. 
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Then, using the dual formulation flS.lSp of the optimal transport problem, and fl3.35p one 
can show that for =Sf^-a.e. t > 0 one has (see [21 Thm. 6.3]) 

d 1 /* 

>') = -/ r(v>,, P{e,)) dm (9.78) 

for any optimal Kantorovich potential (pt from fit to u, and the existence of potentials 
with this property is ensured by the boundedness of the support of a (see [21 Prop 2.2]). 

On the other hand, one can also use the calculus tools developed in [5l [6] to estimate 
(see [21 Thm. 6.5]) 

U{ii)-U{fit) - KAQ{fit,n;m) > - f Tg,{Lpt,U'{gt))gt dm (9.79) 

Jx 

for some optimal Kantorovich potential (ft from fit to v. Using Lemma [9.201 whose appli¬ 
cation is justihed by Theorem 15.31 to combine fl9.78p and (19.791) gives fl9.77p . 

In turn, the proof of (19.791) goes as follows. First of all one notices that 

lim tn) = AQ{fit, u] m), (9.80) 

^ 4,0 s 

where s i—)■ fis,t is any constant speed geodesic joining fit to z/. Indeed, setting /i^,* = 
and denoting by Vs,t{x) the minimal velocity density of fi.^t, we can use the expression (19. ip 
of g to write 

yig^(/i.,i;m) = / (1 - s)r / Q{gr,t)Vr^tQr,tdmdr + / (1 - r)s / Q{gr,t)v^^tQr,tdmdr. 

Jo Jx ’ Js Jx ’ 

Since the hrst term in the right hand side is o(s) (recall that Q is a bounded function), by 
monotone convergence we obtain (19.801) . 

Now, by the convexity inequality (19.511) one has 

'U(z/) —'U(/it) — lim inf-iFyiQ^(/i. t; m) > lim sup—(9.81) 

40 s sz - g 

In addition, if gt decays sufficiently fast at inhnity, one can estimate the directional deriva¬ 
tive of IX as follows: 

lim sup > linisup f U'{gt )——^ dm > [ Tg^{(pt,U\gt))gt dm, (9.82) 

sto -5 s4,0 Jx 5 Jx 

where in the last step we used Theorem 18.21 The combination of (I9.8ip and (19.821) gives 
(I9.79p . taking (I9.80p into account. Then the decay assumption on gt is removed by an 
approximation argument, recovering (19.791) in the general case. This concludes the proof 

of dnzzp- 
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Since geodesics have constant speed, from fl6.11l) we obtain the identity 


[ (l-r) [ vl^gr,tdmdr = 

Jo Jx ^ 

Hence, from fl9.77p we get the standard EVI condition fl9.7ip with IXoo replaced by IX and 
K replaced by A, and it is well-known (see for instance [3l Cor. 4.3.3]) that this leads to 
A-contractivity. □ 

Conversely, we can now prove adapting the proof of [27] that the inhnitesimal version of 
fl9.77p leads to the strong CD*{K,N) condition. 

Theorem 9.22 Let (X, d,m) be a strong CD{K,oo) metric measure space. Suppose that 
for every U G DCreg{N) and every jl = pm G .^2(7^) with g G with bounded 

support there exists a curve pit = t >0, such that 

limsup ^2 (h-fc) ^2 (h, < U{i') — KAQ{fi, h; m) (9.83) 

h4.o 2h 

for every u = crm G X^ 2 (-A) with a G L°°(X, m) with bounded support . Then (X, d,m) 
satisfies the strong CD*(X, X) condition and the Cheeger energy is guadratic. 


Proof We prove the validity of [CD2] of Theorem 19.151 So, let us £x po, pi G D{U) 
with bounded densities and support and let (ps)sg[o,i] be the geodesic connecting po to 
/ii. Notice that in virtue of |l6l Thm. 1.3] we have that = p^m with p^ m-essentially 
bounded with bounded support. For a given s G (0,1), let p.s,t ■= be the curve starting 
from fi = p.s and satisfying (I9.83p . 

Choosing z/ := po and taking the right upper derivative at t = 0 (still denoted for 
simplicity by d+/dt) we get 

1 d^ 

2 ho) |j_g A lX(/is) lX(/io) ^ A A-ij(/i^, po) nr). 

Similarly, choosing z/ := pi, we get 

1 d~*~ 

2 "^^^^^2 hi)|^_Q d~ 'd-lfig) XX(/ii) ^ Xhl£j(/is, pi, m). 

Let us observe, as in [27|, that 

((1 “ s)W2{fis,t, ho) + hi)) 1^=0+ — ^ 

since the inequality (a -I- 6)^ < a^/s -|- &^/(l — s) gives 

(l-s)iy|(/i^,f,/io) + siy2^(/i^,t,/ii) > s(l-s)iy2^(po,hi) = i^-s)W2{ps,Po) + sW2{ps,Pi)- 
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Hence, taking a convex combination of the two inequalities with weights (1 — s) and s 
respectively, we obtain 

(1 - s)lX(/io) + slX(/ii) - U{fis) > (1 - s)K Aaifis, Po; tix) + sK Aaifis, rtx). 

Now observe that (for 0^ = / Q{gr)Vr d/i^, s(l — = r) 

■AQ(/i5,/io;nT) = sM 0s(i_5)(l= / Orrdr 
Jo Jo 

and, analogously, that (for 0^ as above, s + (1 — s)^ = r) 

= {1 - sf 0 ^+(i_s) 5 (l-Od^ = ^ 0^(1-r) dr, 
so that the dehnition fl9.ip of g gives 

(1 - s)^i 3 (h^,ho;ttx) + s^i 3 (/is,/ii;m) = / 0,.(l-s)rdr+ / 0^5(1 - r) dr 


= / 0rg(r,s)dr = ^[^^(p;m). 

Jo 

This proves that (19.511) holds for every po, pi G Zl(lX) with bounded densities and support; 
taking Remark 19.161 into account, we then get that [CD2] holds and therefore (X, d,rri) 
is a strong CD* (iC, N) space. It remains to show that the Cheeger energy is quadratic; 
by applying the characterization of RCD(iC, cxd) spaces recalled in Dehnition 19.191 it is 
sufficient to check that fl9.83p yields fl9.7ip as a particular case. In fact, we can choose the 
regular entropy Uoo{r) := r logr G DCreg{N) with Qoo = 1, and observe that the associated 
weighted action on constant speed geodesics is nothing but half of the standard 2-action: 


J^i^Qoo (hO) hlj 



{1 - s)v‘^{x,s)dnsds = / (1 - s)|/is|Ms =-fR2^(po,hl)^ 


where in the second equality we recalled fib.lip and in the last one we used that (/is)se[o,i] 
is a constant speed geodesic. □ 


Part III 

A 

Bakry-Emery condition and 

nonlinear diffusion 

_ _ ^ 

10 The Bakry-Emery condition 

In this section we will recall the basic assumptions related to the Bakry-Emery condition 
and we will prove some important properties related to them. In the case of a locally 
compact space we will also establish a useful local criterium to check this condition. 
















10.1 The Bakry-Emery condition for local Dirichlet forms and 
interpolation estimates 

The natural setting is provided by a Polish topological space {X, r) endowed with a cx-hnite 
reference Borel measure m and a strongly local symmetric Dirichlet form £ in L‘^{X,xn) 
enjoying a Carre du Champ T : -D(£) x D(£) —)■ L^{X, m) and a P-calculus (see e.g. [3 § 2]). 
All the estimates we are discussing in this section and in the next one, Section [TTl devoted 
to action estimates for nonlinear diffusion equations do not really need an underlying 
compatible metric structure, as the one discussed in [3 § 3]. We refer to [3 §2] for the 
basic notation and assumptions; in any case, we will apply all the results to the case of the 
Cheeger energy (thus assumed to be quadratic) of the metric measure space (X, d,m) and 
we keep the same notation of the previous Section 15.51 just using the calculus properties 
of the Dirichlet form that are related to the P-formalism. 

In the following we set Voo := V fl L°°(X, m), Dqo := D fl L°°{X, m). 


Dlp(L) := {/eDnLP(X,m) ; Lf E LP{X,m)} pe[l,oo], 
Dv(L) = {/eD: L/eV}, 

endowed with the norms 

ll/b.. := ll/llv + 11/ - L/|U.nL.(x,m), \\f\\l, := + \\Lf\\l, 

and we introduce the multilinear form r 2 given by 


( 10 , 1 ) 


( 10 . 2 ) 


-C j (r{f,g)Ufi-r{f,Lg)a2-T{g,Lf)ai'jdm (/,9,if>) e ^(ra). 


where D(r 2 ) := Dv(L) x Dy{L) x Dioo(L). When f = g we also set 

■1 


(10.3) 


r 2 (/;v>)-n(/,/iv>)= / (-r(/)Lv>-r(/,L/)^)dm, (io.4) 


SO that 


= jr2(/ + g; 43 ) - ^T2{f - g-.f). 


(10.5) 


r 2 provides a weak version (inspired by [T^ [T5] ) of the Bakry-Emery condition [T3l ITT] . 

Definition 10.1 (Bakry-Emery conditions) Let K E M., N E [l,C)o]. We say that the 
strongly local Dirichlet form £ satisfies the BE(iP, N) condition, if it admits a Carre du 
Champ r and for every (/, (p) G Dv(L) x Dioo(L) with (p > 0 one has 




( 10 . 6 ) 


We say that a metric measure space {X, d, m) (see § 1 5. ,5]) satisfies the metric BE(JP, N) 
condition if the Cheeger energy is quadratic, the associated Dirichlet form £ satisfies 
BE{K,N), and 


any 


f G Voo with r(/) E L°°{X,m) has a 1-Lipschitz representative. 


(10.7) 





Remark 10.2 (Pointwise gradient estimates for oo)) When N = oo, the in¬ 

equality fllO.hp is in fact equivalent (see [TJ Cor. 2.3] for a proof in the abstract setup of 
this section) to either of the following pointwise gradient estimates 


r(Pi/) <e-2^*Pi(r(/)) 

2W(t)r(Pt/) < Ptf - {PtfY m-a.e. 
where Ik denotes the real function 

lic(t) := [ e^'’dr = 


m-a.e. in X, for every / G V, 
in X, for every t > 0, / G L\X,m), 

]t if K = 0. 


( 10 . 8 ) 

(10.9) 


It will be useful to have different expressions for r 2 {f',(p), that make sense under weaker 
condition on /, ip. Typically their equivalence will be proved by regularization arguments, 
which will be based on the following approximation result. 


Lemma 10.3 (Density of Dv(L) fl Dioo[L)) The vector space Dy{L) (IDlooIL) is dense 
in Dy(Ij). In addition, if f ^ D^viL), p G [1, cxo] satisfies the uniform bounds Cq < f < Ci 
m-a.e. in X for some real constants Cq, Ci, then we can find an approximating sequence 
{fn) C Dv(L) n Dloo{Ij) converging to f in Dlp(L) with /„—)■/ m V and L/„ —)■ L/ in 
C) LP if p < oo (in the weak* sense when p = oo), as n ^ oo and satisfying the same 
bounds Cq < fn < Cl m-a.e. in X. 


Proof. The proof of the density of ilv(L) nZli,oo(L) in ilv(L) has been given in [H Lemma 
4.2]. In order to prove the second approximation result, we introduce the mollified heat 
flow 

9j^f:=-f P,.f K{r/e)dr, (10.10) 

^ Jo 

where k G C]]°(0, cxd) is a nonnegative regularization kernel with K,{r) dr = 1. 

Setting fn := since / G fl L°°(X, m) it is not difficult to check that /„ G 

Zlv(L) n Dloo(L). In addition, Cq < /„ < Ci, since the heat flow preserves global lower or 
upper bounds by constants. 

We then use the fact L is the generator of a strongly continuous semigroup in each 
LP{X,m) if p < oo (and of a weak*-continuous semigroup in L°°(X, m)). □ 

An immediate corollary of the previous density result is the possibility to test the 
condition BE(iC, N) on a better class of test functions. 

Corollary 10.4 If (llO.Op holds for every f G Dv(L) fl Dl^{L) and every nonnegative 
p G Dloo[L), then the BE{K,N) condition holds. 

A first representation of r 2 is provided by the following lemma, whose proof is an easy 
consequence of the Lebniz rule for T, see [H Lemma 4.1]. 
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Lemma 10.5 If f E -Dv(L) fl DLao(L) and (p G Dloo(L) then 

4=) = J {\r(f)Lip + L/r(/, p + dm. (lo.ii) 

Recalling fllO.Sp we also get 

r 2 (/,^ 7 ;v^) = (r(/,^ 7 )Lvp + L/r(r?,^) +L^ 7 r(/,^) + 2 ^L/Lr?) dm. ( 10 . 12 ) 

Notice that fllO.llI) makes sense even if /, G Doo, provided r(/) and r(/, yj) belong to 
L‘^{X, m). This extra integrability of T is a general conseqnence of the oo) condition. 

Theorem 10.6 (Gradient interpolation, |8], Thm. 3.1]) Assume that BE{K, oo) holds, 
let \>K_,pe {2,cx>}, / G nL°°(X,m) with Lf G U>{X,m). Then T{f) G U>{X,m) 
and 

||r(/) ||LP(x,m) < c||/||Loo(x,m) ||A/ - L/|| 2 ,P(x,m) (10.13) 

for a universal constant c independent of A, X, m, / (c = when p = oo). 

Moreover, if fn £ Dcx) with sup,^ < oo and fn ^ f strongly in D, then 

r(/n) r(/) and r(/„ -/)-)■ 0 strongly in ’L'^{X,xn). 

An important conseqnence of Theorem 110.61 is that Doo is an algebra, also preserved by left 
composition with fnnctions h G C^(M) vanishing at 0: this can be easily checked by the 
formula 

L{fg) = fLg + gLf + 2 r{f,g), L(fc(/)) = fc'(/)L/ + fc"(/)r(/) (10.14) 

using the fact that r(/), r(/, G L‘^{X,m) whenever f,g& Doo. 

Thanks to the improved integrability of T given by Theorem 110.61 and to the previous 
approximation result, we can now extend the domain of r 2 to the whole of (Doo)^. 

Corollary 10.7 (Extension of r 2 ) //BE(A', oo) holds then r 2 can be extended to a con¬ 
tinuous multilinear form in Doo x Doo x Doo by (110.121) and BE(A', N) holds if and only 

^ {^T{f)Lp + L/ r(/, yp) + (1 - ^)¥^(L/)') dm> Kj^T{f)p dm. (10.15) 
is satisfied by every choice of f, p E Doo with 99 > 0 . 

Proof Notice that fll0.12p makes sense if f,g,(pE Doo since T (/), r(5f) , T (<, 9 ) G Lf{X, m) 
by Theorem 110.61 and that it provides an extension of r 2 by Lemma 110.51 

In order to check fll0.15p under the BE(JL, N) assumption whenever f,(pE Doo, T ^ d, 
we first approximate /, p in Doo with elements in iAv(L) via the Heat flow, and then we 
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apply Lemma [10.31 with a diagonal argument to find fn, ^ Dv(L) nZi)Loo(L) with > 0 

such that flip.op and fllO.lip yield 



f (^r(/„)Lyp„ + L/„r 


r(/n) <Pn dm. 


Since, up to to subsequences, we can assume 

fn^ f, ^ strongly in D and m-a.e., \\^n\\L^{x,m) < ||¥’IU°°(x,m) 

\\fn\\L^(x,m) < ||/IU-(x,m), \^fn\ < 9 m-a.e., for some g G L^(X,m) independent of n 

we can apply the estimates stated in Theorem 110.61 to pass to the limit in the previous 
inequality as n —)■ oo. 

Conversely, if fllO.lSp holds for every /, </? G Dqo with </? > 0, it clearly holds for every 
/ G T)v(L) n Dioo{\j) and nonnegative tp G thus with the expression of r 2 given 

by (I10.4I1 . thanks to Lemma [10.51 We can then apply Corollary 110.41 □ 


10.2 Local and “nonlinear” characterization of the metric BE(iC, N) 
condition in locally compact spaces 

When (X, d,m) is a locally compact space satisfying the metric BE(iC, cx)) condition, the 
r 2 form enjoys a few localization properties, that will turn to be useful in the following. 

Let us first recall that if {X, d, m) satisfies the metric BE(iC, cxo) condition, then {X, d) 
is a length space and the Dirichlet form £ associated to the Cheeger energy is quasi-regular 
[ini Thm. 4.1]. 

In the locally compact case, the length condition also yields that {X, d) is proper (i.e. ev¬ 
ery closed bounded subset of X is compact) and thus geodesic (every couple of points can 
be joined by a minimal geodesic), see, e.g., [23l Prop. 2.5.22]. 

A further important property (see e.g. [HI Remark 6.3]) is that £ is regular, i.e. VnCc(W) 
is dense both in V (w.r.t. the V norm) and in Cc(l^) (w.r.t. the uniform norm). In par¬ 
ticular, by Fukushima’s theory (see e.g. [251 [HI), every ip E Y admits a £-quasi contin¬ 
uous representative (p uniquely determined up to £-polar sets and every linear functional 
: V —)■ M which is nonnegative (i.e. such that {i, (p) > 0 for every nonnegative G V) 
can be uniquely represented by a a-finite Borel measure pi which does not charge £-polar 
sets, so that {i,(p) = J^(pdfi£ for every ip eY. We refer to [HI Sect. 5] for more details. 
We will often identify (p with ip, when there is no risk of confusion. 

Before stating our locality results, we recall two useful facts, obtained in [H] and slightly 
improving earlier results in [49]. See Corollary 5.7 for statement (i), and Lemma 6.7 of [H] 
for statement (ii) (more precisely, the statement of [HI Lemma 6.7] deals with a Lipschitz 
cut off function y with Lx E L°°(W, m) and r(x) G Vqo, but since X is built of the form 
rj o f with T] constant near 0, from Lemma llO.Sf il below and fllO.141) one can get also 


Lx G Voo.) 
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Lemma 10.8 Let us suppose that (X, d,m.) satisfies the metric BE(X, cxo) eondition for 
some X G M. 

(i) For every f,gG Dl^(L) we have r(/, G V and the bounded linear functional 

V 3 ^ / (- ir(r(/),43) + L/r(/, ,p) + ((l/)" - Kr{f)),p) dm (lo.ie) 

can be represented by a finite nonnegative Borel measure denoted by x[/], satisfying 

T 2 {f;<p)-K [ r(/)v>dm= [ ipdriM (10.17) 

Jx Jx 

for every f G Di-ifL) r\L°°{X, m) and ip G Doo, where in (llO.lTh we use the extension 
o/r 2 (/;<yc) provided by Corollary \10.1 . 

(a) If{X,d) is locally compact, then for every compact set E and every open neighborhood 
U D E there exists a Lipschitz cutoff function X : X ^ [0,1] such that supp(X) C U, 
X = 1 in a neighborhood of E, LX G Voo and r(x) G Voo- 

Corollary 10.9 (Locality w.r.t. ip) Let X G M and N < 00 . Let us suppose that (X, d) 
is locally compact and that (X, d,m) satisfies the metric BE(X, cx)) condition. If fllO.Op 
holds for every f G llv(L) n and every nonnegative ip G Dioo{L) with compact 

support, then (X, d,m) satisfies the metric BE(X, X) condition. 

Proof. We argue by contradiction: if BE(X, X) does not hold, by Corollary 110.41 we can 
find / G Dv(L) fl Xloo(L) and a nonnegative (p G Dloc(L) such that 

^ 2 if;F)-K j T{f)p>dxn-^ j (L/)Vdm<0. 

J X J X 

Since Zlv(L)nZl 2 ,cxj(L) C 11^4(1)nL°°(X, m) we can apply the representation result fllO.171) . 
thus obtaining that the measure 

A- 

has a nontrivial negative part. Since X is Polish, we can find a compact set E such that 
p{E) < 0; approximating X by a sequence of open set Un i E, Lemma riO.Sf iil provides a 
corresponding sequence of nonnegative test functions Xn G such that 

lim / Xnd/i = p{E) < 0. 

Jx 

Choosing n sufficiently large, since tpXn has compact support and belongs to this 

contradicts the assumptions of the Corollary. □ 
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Theorem 10.10 (Local characterization of iV)) Let us suppose that (X, d,m) 

satisfies the metric BE{K, oo) condition for some K G M, and that (X, d) is locally compact. 
If (llO.Op with N < oo holds for every f G Dloo{L) fl -Dv(L) with compact support and for 
every nonnegative ip G Dl^{L) with compact support and with infsupp/ > 0, then {X, d, m) 
satisfies the metric BE{K, N) condition. 

Proof. By the previous Corollary, we have to check that fllO.dp holds if / G -Dv(L) fl 
Dl^{L) and (p G ZIloo(L) nonnegative with compact support. Choosing a cutoff function 
X G Dloo{L) n ilv(L) with compact support, values in [0,1] and such that X = 1 on a 
neighborhood of supp(<p) as in Lemma llO-SB i). it is easy to check, using Theorem 110.61 
the locality properties of L, L as well as the computation rules 

X/ G Doo, L(X/) = XL/ + 2r(x,/) + /Lx, L(x/) = XL/ on supp(<^), 

that X/ G DloPJj) n Hv(L) C fl L°°{X,m) and that 

Tfif;ip)-K [ r(/)¥Pdm = r2(/;X(p)-iC / r(/)X¥.dm = 

Jx Jx 

= ^ - ir(r(/), X99) + L/r(/, x^) + {Effx^ - Kv{f)xp^) dm 
= ^r(r(x /),+ L(x/)r(x /,+ (l(x/)) V- KT{xf)cp) dm 

= 1^2 i^(X/; (p) = lim r 2 ^iXfifie), 

£: 4'0 

where = (p + eX and X G Dloo(L) is another nonnegative cutoff function with compact 
support such that X = 1 in an open neighborhood of supp(x/). Since by assumption 
V’e) > 0 we conclude. □ 

Theorem 10.11 (A nonlinear version of the BE{K,N) condition) If theBE{K, N) 
condition holds and P G DC(A) is regular with R{r) = rP'{r) — P{r), then for every 
f G Doo o^nd every nonnegative function ip G Voo with P{(p) G Doo we have 

Tfif-P{p>))+ [ R{ip){LfYdm>K [ T{f)P{^) dm. (10.18) 

J X Jx 

Conversely, let us assume that (X, d, m) is locally compact and satisfies the metric BE(iC, 00 )- 
condition. If (llO.lSh holds for every function P = PN,e,M, e, M > 0 as in (I9.34p and 
fl9.36p . every f G ilY(L)nZlL°°(L) with compact support and every nonnegative (p E D 1^00 (L) 
with compact support and infgupp j (p > 0, then (X, d, m) satisfies the metric BE(X, N) con¬ 
dition. 

Proof. The inequality (110.181) is an obvious consequence of BE(X, N) (in the form of 
Corollary 110.71) since P G DC(X) yields R{r) > —^P{r) . 
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In order to prove the second part of the statement, we apply the previous Theo¬ 
rem [101101 we £x / G -Dv(L) H Dloo{V) and ip G -Dl°°(L) nonnegative, both with compact 
support and satisfying inf{<y9(a;) : x G supp(/)} > 0; with this choice of / and ip we need 
to prove (llO.Oj) . 

We £x £ > 0 and we set ip = P^^^{ip)] since ip is bounded, ip G -Dloo(L) and therefore 
we can choose M > 0 sufficiently large such that ip < M and consequently ip = 

Applying fllO.181) with this choice of / and p and recalling the inequality fl9.38p we get 

r2(/; 

Passing to the limit as e 0 we get fllO.61) . □ 


11 Nonlinear diffusion equations and action estimates 

In this section we give a rigorous proof of the crucial estimate we briefly discussed in the 
formal calculations of Example 12.41 The estimate requires extra continuity and summability 
properties on and £(</?), that will be provided by the interpolation estimates of 

Theorem I1U.6I 

We will assume that P is regular according to fl9.29p . we introduce the functions R{z) = 
zP'{z) — P{z) and Q{r) := P{r)/r, and we recall the dehnition of the £2 multilinear form 

0) = j (^Lpr(<^) dm -h + r(p, p)^p) dm 

whenever g, p E Dqo with r(p), r((p) G H. Recall that, under the BE(iP, 00 ) assump¬ 
tion, / G Doo implies r(/) G H. Notice also that P{g) G L^(0,T;D) and g bounded 
imply r(P(p)) G L^(0,T;]HI), so that the regularity of P and the chain rule yield r(p) G 
L2(0,T;e). 

Theorem 11.1 (Derivative of the Hamiltonian) Assume that BE(A', 00 ) holds. Let 
g G NI)(0,T), p G 1E^’^(0,T; D,H) be bounded solutions, respectively, of 

dtg — ljP{g) = 0 (11.1a) 

dtp + P'{g)Lp = 0 (11.1b) 

with r(p), r(<yc) G L^(0,T;]HI). Then the map t 1 —)■ 8,g^{pt) = Jj^ptT(^pt^ dm is absolutely 
continuous in [0,T] and we have 

j Pt^{Tt)dva = T2{ppP{pt)) + j R{pt){Lptfdxn =Sf^-a.e. m (0,T). (11.2) 

The proof is based on the following Lemma: 
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Lemma 11.2 Assume that BE(i^, oo) holds. Let q G !ND(0,T), 99 G 1L^’^(0,T; 
hounded with r(^),r((^) G L^(0,T;EI). Then, for every rj G C“(0,T) we have 


1 

2 




{0tVt)'^{Tt) dmdt 



e) be 
(11.3) 


Proof. Let us consider the functions (^f := £ ^ (ft+r dr: t i-G- yjf are differentiable in V 
with = e~'^{ipt+e - Tt), so that 


1 

2 


^ (r ^ X ^ ~ X dm- j^T{gt,ipl) ^ipl dm 


For every 77 G C^(0, T) we thus have 


'0 Jx 


d. /* ci /* ci 

— {gtr]t)T{ipl) dmdt= rjtN — 9 ?^dm + / r(ft, dm) dt 

«/ 0 v JV «/ 


In order to pass to the limit as £ 0 in the last identity, we observe that —)> and 

that L(p^ —)■ L(p strongly in L^(0,T;]HI). Moreover, it is easy to check that the convexity of 

c ^ XdO yields 


r(<y9t) < ~ / r(<y9i+r) dr m-a.e. in X, for every f G [0,T — e]. 


(11.4) 


so that the convolution inequality Jq ^ ^ Jq 'f’it + ’") dr dt < fjit) dt, ioi ifj > 0, gives 


rT-e 


' X 


(r(<^t))^dmdt < 


'0 


T—e j-e 
T—e /•£ 

0 Jx 



(r ippt+r ')) ^ dm dr dt < 


f 

'0 Jx 


(r(v94)) dmdt. 

(11.5) 

Since —)> (ft strongly in V as £ J, 0, we have r((p^) —)■ r(y 9 i) pointwise in L^{X, m), hence 


r-T-e 


lim inf 

£ 4.0 


(r(‘d?))^dmdt > 


'0 Jx 


(r((pt))^dmdt. 


This, combined with flll.Sp . yields the strong convergence of r(79^)x(o,r-e) to r( 79 ) in 
L^(0,T;]HI). The above mentioned convergences are then sufficient to get flll.3p . □ 

Proof of Theorem M 1. 1\ The map t e-)■ S.g^{(pt) is continuous since t e-)■ pt is weakly* con¬ 
tinuous in L°°{X,m) and t i-G> is strongly continuous in L^(X, m) (thanks to The¬ 

orem [TOT])- For every rj G C((°( 0 ,T), using the differentiability of g in L^( 0 ,T;]HI) we 
have 


1 

“ ~2 


'0 Jx 

rT r 


gtT[(pt) dm—rjtdt 


[ Jx dmdt + ^ 




/o Jx 


dt 


{gtr]t)T{ipt) dm dtf r]t(^ f LP(pt)r(v 9 t) dm) dt 

w 0 v JV 
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On the other hand, fill.31) yields 


-I n'~P p 1 pT p 

~2j j = y y + r(ft,9?t) P'(^f)L</?t) dmdt 

= y r]t f (^P{gt)[LiptY+ T[P{gt), (ft) dmdt+ f Vt f R{gt){l^^tY dmdt. 

Combining the two formulas, we get flll.2p . □ 

Theorem 11.3 (Action and dnal action monotonicity) Let us assume that the BE{K, N) 
condition holds, and that P G DCreg(.fV). 

(i) If Q ^ !NX)(0,T),9? G hh^’^(0, T; D, H) are bounded solutions of flll.lal b) then the map 
1 1 — gtT{^ipt) dm is absolutely continuous in [0,T] and we have 

J dm > A J P(ft)r(v?t)dm =Sf^-a.e. m (0, T). (11.6) 


(ii) Setting 

A ;= inf KQ{r) > —oo, (11-7) 

r>0 

if w e hh^’^(0,T;]HI, Dg) is a solution of fll.lSp with ti) G VI C Vg, then Wt G V^^ for 
all t G [0, T], with 

E,l^{ws,Ws) for every 0 <t < s <T. (11.8) 

(iii) If moreover 0^ = —A*^{wt) G V^^ is the potential associated to Wt according to (I5.72p . 

i. e. 

C) = C) for every ( G (11.9) 

we have 

\\msnp^(tl^{wt,Wt)-tl^_^{wt-h,Wt-h))<-K [ Q{gt)gtTf,,{(j)t) dm. (11.10) 

hio In \ / JX 

Proof Since BE(A, A) holds (and thus in particular BE(A, oo)) we can apply flll.2p of 
Theorem 111.11 since the interpolation estimate fllO.131) and the regularity properties of g 
and (p yield r(p) , E(cp) G A^(0, T; H). The estimate fill.61) follows then by the combination 
of fln:^ with Theorem fTOTTl 

For 0 < f < s < T, let us now call Bg^t '■ Voo —t Voo the linear map that to each 
function (p G Voo associates the value at time t of the unique solution p of flll.lbp with 
hnal condition ps = p, given by Theorem 14.II If flll.6p holds and A is dehned as in flll.7p 
we have 

[ gtT{pt) dm < [ Psr((^) dm, (H-ll) 

Jx Jx 


97 































so that 


ai.im 1 ilsnii I 

< {wt,Bs,t^) - < -El^{wt,wt). 

Taking the supremum with respect to G Y^o we get flll.Sp . 
Similarly, we can choose a maximizing sequence {(fn) C Voo in 

Ie,* {wt,wt) = sup {wt,^) - 

^ (^eVoo ^ 


so that (fn converge in Yg^ to the potential <pt = Recalling flll.hp and fld.lSp we 

have 






K 


It-h J X 


^(^r) ^rh dtTL dr. 


Passing to the limit as n ^ oo and recalling Lemma 15.61 we get 

1 1 

(rct, rct) < {wt—h, Bt^t—h<Pt) /i0t) 


K 


QiyQr) Qr^Qr^^t,r4^t) dtlX dr 


< -£* 

- 2 (^t-h 


Jt-h JX 
{Yt—hi ^t—h) 


K 


Q{Qr)Qr'^griBt,r<Pt) dm dr. 


It-h JX 


Dividing by h and passing to the limit as h J, 0, a further application of Lemma [5.61 yields 

(fmoi) . □ 

Corollary 11.4 Let us assume that the BE(iL, A^) holds, and that P G DCre3(A^)- If 
Q G !NI)(0,T) is a nonnegative bounded solution of fl3.3ip with 1/2 ^ Y then Wt := ^Qt 
satisfies 

El^{wt,wt) < e~‘^^*El{wo,wo) < Aa~^ ^£(\/^, \/^) < 00 ( 11 - 12 ) 

with a given by fl3.24p . 


Proof Since Wq = LP{g), we have for every 9 ? G V 




I'{P{0),^) = [ dm 

Jx 


= 2 [ P'{g)y/gT{y/g,ip)dm 
Jx 

< 2a-^E{y/^,y/^)+ ^Ee{ip,ip), 
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which yields 8^(wo,wo) < 4a ^£(^/p, ^/p). Since, thanks to Corollary 14.71 w solves fl4.15p . 
we can apply flll.Sp to obtain flll.l2p . □ 

12 The equivalence between BE{K,N) and RCD*{K, N) 

12.1 Regular curves and regularized entropies 

Let us first recall the notion, adapted from |3 Def. 4.10], of regular curve. Recall that 
£(•, •) stands, in this metric context, for Cheeger’s energy, here assumed to be quadratic. 

Definition 12.1 (Regular curves) Let jjg = Pstn G s G [0,1]. We say that /i is 

a regular curve if: 

(a) There exists a constant R > 0 such that Qs < R ra-a.e. in X for every s G [0,1]. 


(b) /i G Lip([0,1]; o-nd in particular fl8.4p and the identification between minimal 

velocity and metric derivative yield g G Lip([0,1]; Vg). 

(c) Ps := G V and there exists a constant E > 0 such that 8{gs,gs) < E for every 
s G [0,1] (in combination with (a), this yields that G V and also Qs) < ‘iRE 
are uniformly bounded). 

The next approximation result is an improvement of [TJ Prop. 4.11], since we are able to 
approximate with curves having uniformly bounded densities (while in the original version 
only a uniform bound on entropies was imposed). This improvement is possible thanks to 
Thm. 1.3]. 


Lemma 12.2 (Approximation by regular curves) Let (A, d, m) 6e an RCD(iC, cxd) space 
and po, Pi G tX‘ 2 {,X). Then there exist a geodesic (ps)sg[o,i] connecting po to pi in hp 2 {X) 
and regular curves (p”)sg[o,i] with p" = n E N, such that 


lim W 2 {fi'),fis) = 0 for every s G [0,1], limsup / |p"|^ds < lR 2 ^(po,pi). (12.1) 

n^oo J Q 

Moreover, if fit = giXn, i = 0, 1 then 

lim Up” - ft||Li(x,m) = 0 fori = 0 , 1 , (12.2) 

n^oo 

and 

lim R(p”) = R(pi) for z = 0,1 and for all U G DCreg(A). (12-3) 

n—>-oo 

Finally, if Qi, i = 0,l, are ra- essentially bounded with bounded supports then p., = QsXn for 
each s G [0,1] with (Ps)se[o,i] uniformly m-essentially bounded with bounded supports, and 

Ps Qs strongly in LT{X, m) for all p G [1, oo) and in weak *-L°°{X, m) , for all s G [0,1]. 

(12.4) 
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Proof. First of all we approximate /i*, i = 0, 1, in ^ 2 (^) by two sequences z/f = 
crfm with bounded support and bounded densities af G L°°{X,xn). Whenever /io = 
(resp. lX(/io) < cxo) we can also choose z/g so that af —)■ Qi strongly in m) 

(resp. U(i'f) —)■ lf(/ii)) as n —)■ oo. Applying [IHl Thm. 1.3] we can hnd geodesics (r'”)se[o,i] 
in J^ 2 {X) connecting z/q to z/” with uniformly bounded entropies and densities a” satisfying 
suPsg[o,i] ||<|U°°(x,m) < oo for every n e N. By setting z/” := if s G [0,rz/(rz + 1)], 

z>- := z/f if s G [n/(n + 1), 1], we may also assume that z/"’ is constant in a right neigh¬ 
borhood of 1. Since z/"" G AC^(0,1; ^ 2 {X)), we can then apply the same argument of [3, 
Prop. 4.11] (precisely, an averaging procedure w.r.t. s and a short time action of the heat 
semigroup, to gain V regularity) to construct regular curves z/”’^ = fc G N, in the 

sense of Dehnition 112.11 approximating z/” in energy and Wasserstein distance as /c —?■ oo. 
Notice also that the construction in [71 Prop. 4.11] provides the monotonicity property 
U(iyf’^) < IL(iyf), i = 0,1, thanks to the convexity of If and to fact that II decreases under 
the action of the heat semigroup, so that 0 and 'U(z/f’^) —)■ lL(iy[^) as 

/c —)■ oo by the lower semicontinuity of U. A standard diagonal argument yields a subse¬ 
quence /i” := satisfying the properties stated in the Lemma. 

If the starting measures satisfy jUi = ^itn with pi m-essentially bounded with bounded sup¬ 
ports, then by [Ml Thm. 1.3] there exists a hF 2 -geodesic jUg = for each s G [0,1] with 
(^s)se[o,i] uniformly m-essentially bounded with bounded supports. Recalling the regular¬ 
ity and continuity properties of the heat semigroup proved in [6| Thm. 6.1] (see also [2]), 
we obtain that the approximations /u^ (dehned above by an averaging procedure w.r.t. s 
and a short time action of the heat semigroup) converge in {X, m) and are uniformly 
bounded in L°°(X, m); the claimed convergence (112.41) follows. □ 


Given U : [0, oo) M continuous, with 1/(0) = t/(l) = 0 and U’ locally Lipschitz 
in (0, oo), with P{r) = rU'fr) — U{r) regular, we now introduce the regularized convex 
entropies G C^([0, oo)), £ > 0, dehned by 


Ue{r) := (r-Fe) 


P{s) 


Jo (s + e)^ 
P{s 


p(i,) 


(12.5) 




that satisfy (since P’(O) = 0) 


UM = 0 , u'M 



Pjs) 
{s + ey 


ds. 




Pfr) 
r + e' 


( 12 , 6 ) 


Notice that, since U is normalized, for every R > 0 there exists a constant Cr such that 


min{t/(r),0} < /4(r) Vr G [0,1], 0 < /4(r) < Crt \/r G [1,R], 


(12.7) 


moreover one has the convergence property 


limt4(r) = U{r). 

ei-O 


( 12 . 8 ) 
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We also set 

r 

P'(s) 

(12.9) 


Z(r) := / 
Jo 

—^ds, 

Vs 

so that f]3.24p rives 

2a\/r < Z{r 

) < 2a~^^/r. 

(12.10) 


Lemma 12.3 (Derivative of the regularized Entropy) Let (ps) 5 g[o,i] be uniformly bounded 
densities in 1; V, Vg). Then the map s Ue{Qs) dm is absolutely continuous in 

[0,1] and 


d /* ci 

J dxn = Yii'^Qs-iUeitts))^ 

Proof. The convexity of 14 yields 


for s e (0,1). 


( 12 . 11 ) 


/ Ue{gs)dm- U^{gr)dm< / l/''(^4(l’^ - I’r) dm < £([/'(^4)^/^£*(^^ - ^4^/^ 

Jx Jx Jx 

< sup \Uf\ £(^s)^/^£*(^s - 
so that (13.241) and the last identity in (112.hh give 

^ Ue{Qs)dm-J Ueigr)dm < ^niax (^£(^^, ^4^/^ £(^^, (12.12) 


This shows the absolute continuity (see [3l Lem. 1.2.6]). The derivation of fll2.1ip is then 
standard. □ 


Lemma 12.4 Let q G Voo be nonnegative. 

(i) ^/Q £ V z/ and only if Z(g) G V if and only if dm < oo. In this 

case 

L(Z(g),Z(g)) = [ dm = lim [ ^r(f/'(^)) dm. (12.13) 

7 {e>o} ^ ^loJx ^ ^ 

(ii) If Z{g) G V then LP{g) G U'^{g) A*(LP(^)) inYg as £ 0 and 


lim 

£ 4-0 


^?^(P'(^))dm= / r(Z(^?))dm = £*^(LP(^?),LP(^?)). 


(12.14) 


'X 


Motivated by this, we will call U'{g) G the limit 74*(LP(^))) of U'^{g) in Yg. 

(hi) ///is = ^?s^Tl, s G [0,1], is a regular curve, then s i—)■ ll(/is) is absolutely continuous 
and 

^-Uins) = Y> {■^gs,U'{gs))Y for -a. e. s e (0,1). (12.15) 

’ QS “ 


ds 
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(12.16) 


(iv) If Z{g) eY, Qt = BE{K,N) holds and A is defined as in fill.71) . then 

e V, £(Z(ft), Z(ft)) < e-2^*£(Z(^), Z{g)) Vt > 0. 

In particular, if = f?m G ^ 2 (-A) then t i—)■ fttn is a Lipschitz curve in [0,T] with 
respect to the Wasserstein distance in IP 2 {Y) with Lipschitz constant bounded by 


Proof. The proof of the hrst claim is standard, see e.g. [HI Lemma 4.10]. 

In order to prove (ii), let us hrst notice that 

£*(LP(^), LP{g)) < L{Z{g), Z{g)). (12.17) 

In fact for every ip &Y there holds 


-{LP{g),ip)= [ P'{g)T{g, ip) dm = [ ^T{Z{g),p) dm < d{Z{g), Z{g)Y/^d,{p,pY/^. 
Jx J X 


On the other hand, choosing as test functions pe '■= —U'fig), taking the last identity in 
(112.op into account we get 

L,{p„Pe)= [ gT{U'fig)) dm < [ {g + e){Uf{g)fiT{g) dm < L{Z{g), Z{g)), 

Jx Jx 

{LP{g),p,)= [ T{P{g),U'{g)) dm = [ -^T{P{g)) dm f d{Z{g), Z{g)) as £ ; 0. 
Jx Jx Q + ^ 

This shows that {p£}£>o is an optimal family as £ —)■ 0, thus we can apply Proposition l3.1f bi 
to obtain that p£ converge in Yg to a —A*{LP{g)), and that fll2.14p holds. 

In order to prove fll2.15p we pass to the limit as £ J, 0 in the identity obtained integrating 

firm]) 


U£{gt) dm - / t/e(^s)dm 


lx 


IX 



^dr 


dr 


for every 0 < s < f < 1. 


(12.18) 

Indeed, in the left hand side it is sufficient to apply the dominated convergence theorem, 
thanks to the uniform bounds of fll2.7p and fl9.32l) . Since the curve p is regular, the 
modulus of the integrand in the right hand side is bounded from above by 


z(q,)) + Tj,..) < c 


for every r G [0,1], 


so that we can pass to the limit thanks to (ii). 

The inequality fll2.16p follows by flll.l2p . the fact that ^gt = LP(ft) and fll2.14p . 

In order to prove the last statement, we apply Theorem 18.21 the estimate fll2.14p which 
provides an explicit expression of the metric Wasserstein velocity, and fll2.16p . □ 
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12.2 BE{K, N) yields EVI for regular entropy functionals in DC{N) 

Theorem 12.5 (BE(i^, N) implies contractivity) Let us assume that metric BE{K, N) 
holds and that P G DCreg(-/V). //A is defined as in (Ill.Th . then the nonlinear diffusion 
semigroup S defined by Theorem \3.4\ is A-contractive in 0^2{X), i.e. for all fro = uq = 
am G one has 

W 2 {fiuOt) < e~^^W 2 {fio,vo) with fit = (St^)m, ut = (Sta)m. (12.19) 


Proof. We assume first that g and a are the extreme points of a regular curve fig = 

We set fig^t = with ^ = StQg. Since fig is Lipschitz with respect to W 2 and Qg are 

uniformly bounded, s 1 —)■ is also Lipschitz and weakly differentiable with respect to Yfi. 
we set Wg^t ■= dgQg^f 

By Kantorovich duality, 

= sup I y Qiifdfii^t-j <pdfio,t^ (12.20) 

where runs among all Lipschitz functions with bounded support. If is such a function 
with Lipschitz constant L, setting ipg := Qgip, the map rf{s,r) := d/i^.t is Lipschitz: 

in fact, recalling that 


Lip((ps) < 2L, sup |</?s(a;) — (Pr{x)\ < 2L^|s — r| 
xex 

we easily have 

\rf{s,r) - rf{s',r)\ < 2L^|s - s'|, \rf{s,r) - rfis,r')\ < 2L^/m{S) 

where S' is a bounded set containing all the supports of (fg, s G [0,1]. From fl5.12p we 
eventually hnd 

[ y:>gdfig^t < — [ \E)g:>g\‘^ dfig^tP {wg,t,y:>s)- 


ds 


>x 


lx 


Denoting now by r i-G- (fg^r the solution of the backward linearized equation (14. 2 p (corre¬ 
sponding to (lll.lbl) ) in the interval [0,f] with hnal condition ipg^t '■= y^s, recalling Corol¬ 
lary 14.71 we get by fl4.18p of Theorem 14.51 and flll.Op of Theorem 111.31 


{wg,t,y^s) = {wgfi,ipg,o) = / 


I 1 jii d/^s,t ^ G 


2M 


lx 


lx 


lx 


l^7^s,olui d/is. 


and therefore the relations flO.lip and fl8.7p between minimal 2-velocity and metric deriva¬ 
tive, together with Lemma [8.11 give 

(pidfii^t- I ^odfio,t< I I ds 


lx 


< 


1 
2 
1 

-e 

2 


X 

2At 


lx 


|D(ps,o|^ dfig + j {dgQg) Lfgfl dmj ds 


“ 2^ 


-2 At 


l/isl^ds. 
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Taking now the supremum with respect to ip we get W 2 


((Sip)m, (Sta)m) < e l/i^p ds. 


Using Lemma fl 2.2 1 and the contraction property of St in 


(X, m) we obtain the same bound 


for an arbitrary couple of initial measures. 


□ 


Let us recall the notation (see fl7.4p l 



VgPs dmds 


for the weighted action of a curve ps = w.r.t. m, where Vg is the velocity density of 
the curve. 

Theorem 12.6 (Action monotonicity) Let us assume that metric N) holds, and 

that P G DCreg(X). Let ps = s G [0,1], he a regular curve and let ps,t ■= with 
Qs,t = (StPs). Denoting by the curve s i-G Ps^t, we have 



0<to<ti<l. (12.21) 


Proof. It is sufficient to prove that the map t 1 — )■ A 2 {p.,t) is absolutely continuous and 
satishes for every f > 0 


limsup ;^(yi 2 (p.,t) -A2{p.,t-h)) < -KAQ{p.p,m). (12.22) 


Let us £x f > h > 0; thanks to Theorem 13.41 and Theorem 14.61 the curves g.^t and g.^t-h are 
.if^-a.e. in (0,1) differentiable in V', with derivatives Ws,t ^ 

Recall also the relations fl8.7p and flS.Sp of Theorem 18.21 linking the minimal velocity 
density of a regular curve Ug = Pstn, its V' derivative ig and the potential (pr = 

By fl8.7p we get 



1 


Recalling (lll.8p and the dehnition (111.71) of A, one has 



which is uniformly bounded (using flll.8p once more) by C{t)h, ii h < t/2. Therefore the 


curve t H- )■ A 2 {p.^t) is absolutely continuous; moreover, applying flll.lOp . fl8.7p and Fatou’s 
Lemma we get 



□ 
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Let us now refine the previous argument. In this rehnement we shall use the weighted 
action ^ 

AidQ{iJ.-,m) = / / sQ(p^)u^psdmds, 

Jo Jx 

where id{s) = s. Notice that the weighted action appearing in the EVI property fl9.77p is 
m), with u{s) = 1 — s; in other words m) corresponds to the s-time reversed 

weighted action AidQ{fi;vci). 


Theorem 12.7 (Action and energy monotonicity) Let us assume that metric BFj{K, N) 
holds and that P G DCreg{N)- Let /i^ = s G [0,1], be a regular curve and let 

fJ'su ■= with Qsd = (SstPs). Denoting by the curve s i-G- have 

-A 2 (/i.,t) + tU{fiid) + K J AidQifi.^r', iTi) dr < -A 2 (/i.,o) + ^h,(/io,o)- (12.23) 


Proof. Since by assumption U is continuous and convex, by (I3.34p we already know that 
the map 1 1 —)■ ll(/ii^t) is nonincreasing; thus it is sufficient to prove that 

limsup ^ (^ 2 (A,t) - A 2 (M;t-h)) < b:(/io,o) - - KAi^Qi^-L i")- (12.24) 

hlO \ / 

We thus hx 0 < h < t. Recalling Theorem 16.61 and Theorem 18.21 we have 

A2{fi.,t-h) = [ Ll^^_^{dsgs,t-h)ds. (12.25) 
Jo 

It is easy to check that for every r > 0 the curve s i-G- fig^-h+T is Lipschitz in and 

s i-G- Qsd-h+T is Lipschitz in Vg, since for every 0 < Si < S 2 < 1 



Qsi ,t — h-\-T 


/i+rllVg 


^ II /i+r /ill Vg II /i /i+i" II Vg 

^ II Qsi,t—h II Vg C t(^S2 '^l): 


for some constant C independent of 5i, S 2 and r, where in the last inequality we used the 
contractivity fl3.32p of S in and Theorem 13.41 (ND3). 

A similar argument shows the Lipschitz property with respect to the Wasserstein distance: 


hh2(/^si,t—/i+r 7 /^S2)/^—/i+i") — ^^2 /i+r 7 (Ssj'r£*S2,t—/i)^) T ^^2(^(^^siTQs2,t—h)^') f^S2,t—h-\-T^ 

< e"^^i^IT2(/i^i,i-h, fis2,t-h) + C r(s2 - si). 


where we applied (112.191) and point (iv) of Lemma [12. 41 notice that, along the regular curve 
fig = the quantity £(-\/^, y^) is uniformly bounded, so that L{Z{ggd-h), Z^Qg^-h)) 
is also uniformly bounded by fll2.16p . 

For every r G [0, 1 ],m G [0,f], also the curves s i-G- := Srugs,t-h are regular: we set 
:= dggf^. We have 

lim - — = uLP{gf^) for every u G [0,f], s, r G [0,1]. 

k —^0 Hj ’’ 
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Since gss = gs,t, it follows that the derivative of s Qs^t in Vg is 

dsQs,t ds(^Sg}iQs,t—h) ^s,s (^0s,t) ■ 

Applying Lemma [12.4r ii.iii) we get 

= y, {z^^ +hLP{gs^t),U'{gg^t))Y, =Sf^-a.e. in (0, !)• 

OS J 

For every s G [0,1], let G V be an optimal sequence for dsgs,t, thus satisfying 


-E* {dsgs,t, dsgs,t) = hm y, {z'^ + hLP(p,,t), 

> ^ ' n—>-oo es,t ’ ’ 


es,t 2 


'X 


dm. 


Let Vg^t ■= -U'{gg^t) e ^ and := - hvg^f We get 

V' (4* + ^LP(p,,i), (p”Jy -If gs,t'^g,,t{^lt) dm 

es,t ’ ’ ^ es,t 2 Jjy 

= V' Us + hLP{gg^t),'ipg,t + hvg,t)Y^ I + ^W,t) dm 

d (* 1 

= -h-^ / U (p,,t) dm + y,^^ ^ {zA, , - 2 ^ssA'^lt, C,t) + h y,^^ ^ (LP(p,,t), 

A AC ’ 


hj gs,t^gsA^lv'^s,t)^^-Y J dm 


lx 


< -'ijt £/(&,,) dm+ v._y4, 




where we used Lemma 112.41 (ii) to get the second equality, and to simplify the third and 
second to last terms in order to obtain the last inequality. We observe that is an 
optimal sequence for z^^^: we will denote by '0s,t its limit in and by (j)s^t the limit of 
They are related by 

0s,t = 0s,t + hvg^f (12.26) 

Passing to the limit in the previous inequality we obtain 

(7(&,,)dm + 0;.,(4,4). (12,27) 

Observe that u i—)■ := Srugs,t-h and u i—)■ := satisfy respectively 

where the second equation follows from Theorem 14.61 Setting r = s we get 


a^Ql. = i>L(P(£,i,)), = sL(P'(i?«,) j“.). 
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Let now B], ^ be the operator, given by Theorem 14.11 mapping ( eY into the solution (s,r 
of ^ 

Cs,r sP E [0,t], • C- 


dr 

Theorem 111.31 and the fact that Zgg = dsQs,t-h and = Qs,t-h+u yield 

<-Ks[ [ Q(ps,r)Ps,rrg,,,(5* ,.(V's,t)) dmdr. 

Jt-h Jx 

Using the estimate 

^..AB'.AM) < (1 + i)r,„(By(«) + /!=(i + 

and the uniform bound 


(12.28) 


Qs,r'i^esA^iri^s,t)) dm <C gs,t'^Qs.tAs,t) dm < C", 


JX JX 

Lemma 15.61 eventually yields 

1 
P 

hlO 

Combining this estimate with (112.27p . we get 

1 
P 

hl-O 


limsup ^ zA) - dsPsj-h)) < -Ks [ Q{gs,t)0s,tT^,AAj) dm 

^ 4,0 zri \ ’ ’ / Jx 


limsup (Eg^^{dsgs,t)dsgs,t) d g {dsgsj—hi dsgsj—h)\ 

h\n An \ ' ’ / 


d 


<-Ks I Q{gs,t)gsAes,tA^j)^^~J ^(2^,i)dm. 


'X 


By recalling (112.25p and Theorem 18.2( the integration w.r.t. s in (0,1) of the last inequality 
gives (112.24p . □ 


Theorem 12.8 (BE(iL, iV) implies CD*(iL, iV)) Let us suppose that {X,d,m) is a metric 
measure space satisfying the metric BE(JL, N) condition. Then for every entropy function 
U in DCregiN) and every fv = pm with g m-essentially hounded with hounded support, the 
curve fit = (Stp)m is the unique solution of the Evolution Variational Inequality (I9.83p . In 
particular (X, d,m) is a strong CD*{K, N) space. 
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Proof. Under the above conditions, one can apply [TJ Cor. 4.18] to obtain that (X, d,m) 
is an RCD(/t', oo) space, in particular the assumptions of Lemma [12.21 are satished. Now 
let St be the solution of the nonlinear diffusion semigroup of Theorem 13.41 and let P = am 
with a m-essentially bounded with bounded support; we consider a family of regular curves 
approximating a geodesic /i* from z/ to /i in the sense of Lemma [12.21 and we 
set = (SstPs )m. Applying fll2.23p of Theorem 112.71 we get 

-A 2 {p[t) + + K f AidQ{p^f};va) dr < -A 2 {p^J) + tlf(/ioo). (12.29) 


Dividing by t > 0 and letting n —)■ cx), t 0 we get 


lim sup lim sup 

tlO n—too 






+ + ^ / AidQ{pAJ]VcC) dr ) < lim sup lf(/io”o). 

^ Jo I n^oo 

(12.30) 

Next we pass to the limit in the different terms, setting = (SstPs)m. First of all, 
combining fll 2 . 1 l) with the lower semicontinuity of the 2 -actions and recalling that /i(.) is a 
fT 2 -geodesic we get 

lim sup lim sup ^ (A 2 {Jf) - A 2 {J'fi)) > lim sup ^ (A 2 {fi.,t) - A 2 (/i.,o)) 

LiO n—>-oo Jt \ ' ’ / tiO Zt \ / 


2t 


> lim sup ^ (IU 2 hi,i) - ^2 P) 
40 


In virtue of fll2.3p and of the lower semicontinuity of the entropy we also get 


lim inf liminf'U(/i|^”^^) > liminf ll(/ii^ 4 ) > U(ju), lim 'U(jUq^q) = IL(iy). 

40 n— >-00 ’ 40 ’ n->-oo ’ 




(12.31) 


(12.32) 


Regarding the term with the integral of the actions we claim that the joint limit as t 
0 , n ^ 00 exists with value 

1 7* 

lim - AidQ{pA'’;m.)dr = AidQ(P,fi;xn). (12.33) 

40 ,n— >-oo t Jq ’ 

In order to prove (112.33p . we hrst show that 

lim AidqiJJ^] m) = Aidqip.] m) = AidQ{P, fl] m). (12.34) 

tiO,n^oo 

In order to show the convergence we wish to apply Theorem 17.11 let us then verify its 
assumptions. 

Recalling that by Lemma 112.21 we have — )■ strongly in {X, m) for every s G 

[0,1], using the L^-contractivity and L^-continuity of the semigroup proved in Theorem 
13.41 (ND4), we obtain 

lim sup IIp^ - piO^||Li(X,m) < lim sup (||p^ - Ps.tHipx.m) + I It’s,* - T’m lUpx.m)) 

>-00 n^oo,t.i.O ^ '' 

< lim sup IIp^ - ps,t||Li(X,m) + lim sup ||p^ - ||Li(X.m) = 0 , 

40 n^oo 
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which in turn implies (by dominated convergence) 

—)■ p. as n —)■ cx),11 0, strongly in L^{X^m). (12.35) 

Now let (tn)nGN be any sequence with 0. First of all, by the lower semicontinuity of 
the 2-actions we have liminf„yi 2 (/i.^t^) > ■A 2 (/i.,o)- On the other hand, by Theorem 112.61 
we have 

/ yio(^l",lira)ds+yij(ft'",')<2|A1(sup|0|) [ A 2 (p':"J)<is + A 2 {p‘:’S) 
Jo Jo 

which, by Gronwall Lemma, implies sup^gjo^p ^ 2 (/^.*',t^) < O' = ^(/i., iF, sup |Q|)). 

Therefore, again by Theorem I12.6I we get 

limsupyi 2 (Ai.*^”^) < limsup ^ — 2K 

n—)-oo n^oo ^ 

< limsup K, snp\Q\))tn + = limsupyi 2 (/i.^_o^) = A 2 {fi.,o)- 

n— >-oo ^ ' n^oo 

It follows that lim„^oo-^ 2 (/^.*',t^) = A 2 in.fi) for any sequence i 0 and then 

lim A 2 iH^f) = A 2 iH.fi)- 

n—>-co,t4-0 

We can then apply Theorem I7.II and obtain the claim fll2.34l) and then fll2.33|) . 

Putting together (I12.31I) . (I12.32I) and (I12.33I) we obtain 

limsup 7 ^ (lF 2 ^(/ii,t, z7) - IF 2 ^(/ 2 ,P)') + Uifl) + KAidgiP, H;m) <Ui9). (12.36) 

40 ^ ^ 

Recalling that a;(s) = 1 — s, and that Hi,t = (Stp)tn = Ht, the last identity is equivalent to 

limsup 7 ^( 1 ^ 2 ^(/it, P) - W^in, P)) + Uin) + KAcugin, h; m) < II(P). (12.37) 

40 2r \ / 

This proves fl9.83l) : therefore the strong CD*(iF, N) property, is an immediate consequence 
of Theorem 19.221 □ 


12.3 RCD*(K, N) implies BE{K, N) 

In this section we will assume that (X, d,m.) is an RCD*(iF, X) space and we will show 
that the Cheeger energy satisfies BE(iF, N). By [7] we already know that BE(iF, 00 ) holds. 

In the following, we consider an entropy density function U = ^ DCreg(-^) of 

the form given by fl9.36p through the regularization fl9.34p and we will denote by (St)t>o the 
nonlinear diffusion flow provided by Theorem 13.41 and satisfying the EVI property fl9.77p 
by Theorem 19.211 


AgiH.,t,m) dt + A2iH^'^d) 
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Lemma 12.9 Let fig = ^stn be a Lipschitz curve in ^ 2 {X) such that s Entm(/is) is 
continuous. For a given integer J, consider the uniform partition 0 = Sq < Si < ■ • • < 
sj = 1 of the time interval [0,1] of size a := J~^ and the piecewise geodesic 
s G [0,1], obtained by glueing all the geodesics connecting to p.sj- 
Then —)■ ^7(.) in L^{X x [0,1],m$?) 


Proof First of all, since yU(.) is a Lipschitz curve in h is clear that the geodesic 

interpolation converges, i.e. —?■ p(.) in C°([0,1], i^2{^))- Therefore for every s G [0,1] 

we have fif —)■ /i^ weakly and thus (see for instance [3l Lemma 9.4.3]) 

Entm(/is) < liminf Entm(pf), Vs G [0,1]. (12.38) 

J—>-oo 

On the other hand it is not difficult to prove also the converse inequality 

Entm(/is) > limsupEntm(/if), Vs G [0,1]. (12.39) 

J—)-oo 

Indeed, the iV-geodesic convexity of the entropy along geodesics ensured by RCD(iV, cx)) 
yields 

) < (1 t)Ent,n(/is^.) + tEnt,n(/is^.+i) (12.40) 

for all t G [0,1]. Since the maps s Entni(/is) G M"*" and s ps £ are continuous, 

we get fll2.39p by passing to the limit as J —)■ oo in fll2.40p . 

From the convergence —)■ /r(.) in O°([0,1], i^ 2 {X)) we infer that the family {fvf, /is}sG[o,i],jgN 

is tight. The thesis then follows from the following Lemma [12.101 combined with the Dom¬ 
inated Convergence Theorem. □ 

We next state a well known consequence of the strict convexity of the function t ^ t log t 
on [0, cxo) (see e.g. [56l Theorem 3]). 

Lemma 12.10 For n G N, let QnVCi = pn £ and pm = /x G i^{X) be such that 

• fin ^ weakly in i^{X), 

• Entm(/r„) —)■ Entm(/i) as n ^ oo. 

Then Qn ^ Q strongly in L^{X,m). 

Lemma 12.11 Let fig = p^m be a Lipschitz curve in tX* 2 {X) with s Ps continuous 
w.r.t. the L^{X,xn) topology and sup^, ||ps||L°°(x,m) < cxo. Then, defining fig^t = Ps.tiTi. with 
Qg,t = {^tQs), one has 

1 d+ 

--^^ 2 (Ai.,t) < -iCVlQ(/i.,t;m) for every t > 0. (12.41) 
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Proof. The L^(X, m) contractivity of S ensures that s Qg^t, t >0 are equi-continuous 
in L^(0,1; L^(X, m)), while the embedding fl3.28p provides the continuity of t when 

s is hxed; combining these properties we know that (s,t) i—)■ Qg^t is continuous w.r.t. the 
L^(X, m) topology. In addition, it is easily seen that the L°°(X, m) norms of Qg^t are 
uniformly bounded, and s i—)■ ^g^t = Qs,t^ is a Lipschitz curve in 

For a hxed integer J we consider the uniform partition 0 = sq < si <•••< sj = 1 of the 
time interval [0,1] of size a := J“^, and the corresponding piecewise geodesic approximation 
pit of Ps,t- 

Summing up the Evolution Variational Inequality fl9.77p for and test measure 

fig.^t and the corresponding one for /r^, f and test measure we use the Leibniz rule [5], 

Lemma 4.3.4] to get that t Psj,t) is locally absolutely continuous in [0, oo), 

and that 


lA 

2 dt 


ff^2 pSj,t) ^ 


-K 


hsjjt) rn) T Ps 



for j = 1,..., J and ^a.e. t > 0. Denoting by the piecewise geodesic curve as in the 
previous lemma, we obviously have 


■^2ipit) 


1 V ^ 

i=i 


while fl9.76p gives 

1 

'^Qi.P-,t^^) ^ ^ ) hsj.t j rn) •A.ioQ^pgj^ty pSj-i,tT ■ 

i=i 

We end up with 

-'^■^2ipit) ^ for =^^-a.e. t > 0, (12.42) 

2 Q.^ 

or, in the equivalent integral form, 

“ ^■^ 2 (pit,) < -K Aqinit, m) dt 0 < ti < t 2 . (12.43) 


By Lemma [12.91 we know that the curves converge to the curves in L^(X x [0,1], m(D 
as J —)■ oo. This enables us to apply Theorem 17.11 (notice that (17.7p holds because 
the piecewise geodesic interpolation does not increase the action), so that we can pass to 
the limit as J t oo in fll2.43p and use fl7.9p to get 


■^•^2{p-,t2) - 2'^2{p.,ti) < -K 


f*t2 


^Q(/i.,t;m) dt 


for all 0 < ti < t 2 < T. (12.44) 


□ 


111 














Corollary 12.12 Under the same assumptions and notation of the previous Lemma \12.11[ 
if K is defined as in fIll.Tp then 


di 2 {u-,t) < e for every t > 0. (12.45) 

In particular, if L is the Lipschitz constant of the initial curve (/is)sG[o,i] in (^2(^),W4) 
and s I—)■ Qs^t G C^([0,1]; V') then 

8,lJdsgs,t,dsgs,t)<e-^^^L^ Vs e [0,1], Vt > 0. (12.46) 

Proof. The action estimate (112.45h follows easily by (112.4ip and the fact that the dehnition 
of A gives < -Aj42(h-,t)- 

By repeating the estimate above to every snbinterval of [0,1], the identity fl8.7p of 
Theorem 18.21 and the eqnality fl6.11l) between minimal velocity and metric derivative yield 

J^^-a.e.s e [0,1], Vt > 0. 

The thesis fll2.46p then follows by the lower semicontinnity of the map s e-)■ ^ (^sPs.t, dsQsy) 
ensured by Lemma 15781 since the maps s dsQs,t) s Qs^t are continnons in V' and weak*- 
L°°(JA, m) respectively. □ 

We can now prove the implication from RCD*(iL, N) to BE(iL, N)-, we adopt a pertnr- 
bation argnment similar to the one independently fonnd in [T6] . 

Theorem 12.13 //(JA, d,m) satisfies RCD*(JA, A^) then the metric BE(iA, A^) condition 
holds. 

Proof. Let ns hrst remark that {X, d, m) satishes the metric BE(iA, oo) condition and that 
{X, d) is locally compact; in order to check BE(iA, N) we can thns apply Theorem 110.111 
We hx / G ilv(L)nZlLoo (L) with compact snpport and /r = pm E t^{X) with compactly 
snpported density g G Dloo{L) satisfying 0 < tq < p m-a.e. on the snpport of /. With 
these choices, onr goal is to prove the ineqnality 

r2(/;P(p))+ f R{g) {LfY dm >K [ r(/)P(p)dm. (12.47) 

J X J X 

We dehne 

:= -pL/ - r(p, /). 

Since p and / are Lipschitz in X, recalling Theorem 110.61 and Lemma [TR8] one has ^ G 
and 

1-01 < ag for some constant a > 0. (12.48) 

In addition, has compact snpport and 

[ V'Cdm= [ pr(/,C)dm VC G V, [ dm = 0, (12.49) 

Jx Jx Jx 
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(12.50) 


We then set Qs := g + s^p, so that dgQg ^ ip, and we observe that fll2.48p gives 

(1 — as)g < ^?s < (1 + as)g. (12.51) 

This, together with 012.491) . implies that G ^{X) for s G [0,1/a]; moreover, 012.5ip 
also gives (1 — as) 8 .g{ip) < £g^(<yc) < (1 + as)Eg{ip) for all </? G V, so that by duality we get 

(1 + as)“^£*(V',V’) < £e.(V','0) < - as)-^^l{^p,^p). (12.52) 

It follows that gs is Lipschitz in ^ 2 {^) by Theorem 18.21 and 

lim£*,(^/’,'i/’) = £g(V','0) = £e(/,/)- (12.53) 

We set gl := Stgs, w\ := dsg^, g^ = Stg. Recall that, thanks to Corollary 14.71 t t—)■ 
wl belong to ^^’^(O, T; H,D') C C'([0,T];V') and solve the PDE dtw = L{P'{pl)w) of 
Theorem 14.51 with the initial condition tv = dggs = ip- The contraction property of S in 
{X, m) and the integrability of tp yield 

ll^?s ~ < ||^?s ~ VsG(0,l/a), VfG[0,T]. (12.54) 

Combining Theorem 14.51 the estimate 012.46p and 012.52p we also get 

-2 At 

sup 8 *t (wl,wl) < - - - 8 *{tp,tp) Mt > 0, VR G (0,1/a). (12.55) 

o<s<s 1 — ah 

Theorem I4.51 L3) in combination with 012.5ip and 012.54p also shows that 

lim sup lira* — tCollv' = 0 for every T > 0 and lim — 'i/Hy' = 0. (12.56) 

*4-0 o<t<T ^ ■^>T0 ^ 

Combining the lower semicontinuity property (I5.77p with 012.55p . (112.56p and recalling 
012.50p . we get 

|im£;|(wLw*) = 8 l{tp,tp) = £g(/,/); (12.57) 

we are then in position to apply Lemma 15.81 and infer that 

lim/ Qi 0 l) 0 l^giiwl)dm= [ Q{g)gT{f) dm. (12.58) 

s,tH) JX Jx 

Moreover, by 012.54p and 012.561) we can hnd a nondecreasing function (0, 1) 3 t ^ S{t) > Q 
with S{t) < such that 

lim sup t~'^\\wl - WqIIv; = 0, lim sup t~^\\gl - ^»*||Li(x,m) = 0, 

TO o<s<s{t) TO o<s<S(9 
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so that 


and 


fS{t) I I 

'is i = 


rS(t) PI PI 

“ ^)r(/) dmds = lim / -(^* - ^)r(/) dm, 
Jo Jx ^ JX ^ 


(12.59) 


(12.60) 


provided the limits in the right hand sides exist. Eventually, fll2.50p . fll2.52p and 1 —as > ^ 
yield 


< ^(l + 2as)£;(7^,V^) = {'ipj) j^QV{f) dm + as £*(7^, V^) 
so that the bound S{t) < yields 

1 pS{t) 1 p 1 

2/ ^ “ 2 / 2r(/) dm+-at^£^(/,/). (12.61) 

Combining Theorem 18.21 and Lemma 112.111 (applied to the rescaled curves in the interval 
(0,S'(t))) we get 


1 

2 


pS{t) pt pS(t) 

f ^i{wl,wl)ds + K / f 

Jo Jo Jo 


’X 


Q{Ql)QlKriwl) dmdsdr < 


so that fll2.6ip and the very definition of £*t yield 


pS(t) 

T £L(V',^/')ds, 
Jo 

(12.62) 


pS{t) ip pt pi,[,t) p 

f elr if) dm) ds + K I / Q(g:)g;r*K)dmdsdr 

V 0 X «-/ 0 V 0 X 


pS{t) 


< (^, /) - 2 / 2r(/) dm + -at^£g(/, /), 
X 


and, dividing by t > 0, 

/‘•S'(t) .1 I f 1 \ /■* /■'^d) p 

I {-pwl-i,,f)--j -(e‘,-e)r{f)dm)ds + Kj j y dmdsdr 

< ha£e(/./)- 

Passing to the limit as t J, 0 and recalling (112.58p , (112.59p and (112.60p we eventually get 

hm( ^° ^ ,f) - ^lim [ ^ ^ T{f) dxn + K j Q(p)pr(/) dm < 0. (12.63) 

t^O t L ^>^0 J X ^ J X 

Observe now that 


1 

t 


{wl - 



(L(P'(p>S),/)dr = 



Wo^ L/) dr = 
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We can then pass to the limit since Wg —1in Vg, P'{qq) —t P'{q) in V (thanks to fl3.30p i 
with uniform L°° bound and L/ G Y^o- We get, by the dehnition of that 


limiK-^,/) = (V>,F'(e)L/> = - [ (i,P'{Q){Lff + r{P(g),f)Lf)dm. (12.64) 

tio t J X ^ ' 

Similarly, since — p) ^ LP(p) in V', r(/) e V and P{g) G Dqo, we obtain 


lim 

40 



0^-0 

t 


r(/) dm 


[ LP(g)r(f) dm. 
Jx 


(12.65) 


Combining (I12.63p with (112.bdp and (I12.65p we obtain 


- / Piemuf + T{p(e),f))Lf + ]-LP(e)T(f)dm< -K j P(e)T(f) 

'J X X 


dm (12.66) 


and finally fll2.47p is achieved. By applying Theorem 1 10.11 1 we then get BE(iC, N). □ 
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